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Abstract. In this article we construct various models for singularity cate- 
gories of modules over differential graded rings. The main technique is the con- 
nection between abelian model structures, cotorsion pairs and deconstructiblc 
classes, and our constructions are based on more general results about local- 
ization and transfer of abelian model structures. We indicate how recollements 
of triangulated categories can be obtained model categorically, discussing in 
detail Krause's recollement K ac (Inj(i?)) — ¥ K(Inj(if,)) — > D(i?). In the special 
case of curved mixed Z-graded complexes, we show that one of our singu- 
lar models is Quillen equivalent to Positselski's contraderived model for the 
homotopy category of matrix factorizations. 



Introduction 

Let R be a Noetherian ring and D sg (i?) = D 6 (i?-mod)/ Perf(i?) its singularity- 
category. We ask if it is possible to realize D sg (i?) as the homotopy category of a 
stable model category attached to R. Firstly, the singularity category is essentially 
small, whereas the homotopy category of a model category in the sense of |Hov99j 
always has arbitrary small coproducts I lov'W Example 1.3.11]. This forces us 
to think first about how to define a "large" singularity category for R (admitting 
arbitrary small coproducts) in which D sg (i?) naturally embeds. Secondly, if this is 
done, we can try to find a model for this large singularity category. 

Given a locally Noetherian Grothendieck category with compactly gener- 
ated derived category D(&/), Krause |Kra05] proved that the singularity category 
D b (Noeth(j2/))/ D(^) c of a/ (the Verdier quotient of the bounded derived category 
of Noetherian objects of &f by the subcategory of compact objects of D(&/)) is up 
to direct summands equivalent to the subcategory of compact objects in the ho- 
motopy category K ac (Inj( 1 e/)) of acyclic complexes of injectives, and that there is 
even a recollement K ac (Inj(^/)) ^3 K(Inj(^))^ D(^). This suggests firstly that 
we should attempt to construct a model for K ac (Inj(^)) and secondly that such a 
model might be obtained by localizing a suitable model for K(Inj(<E^)) with respect 
to D(g/), whatever this should mean precisely. 

If &f = i?-Mod for a Noetherian ring R, Positselski |Posll[ Theorem 3.7] showed 
that K(Inj(^)) is equivalent to what he calls the coderived category D co (R) of R, 
defined as the Verdier quotient K(R)/ Acyc co (i?), where Acyc co (.R) is the localizing 
subcategory of K(R) generated by the total complexes of short exact sequences 
of complexes of -R-modules; objects of Acyc co (i?) are called coacyclic complexes. 
In particular, Krause's "large" singularity category K ac (Inj(i?)) is equivalent to a 
Verdier quotient B co (R)/B(R). 

All in all, the last paragraphs suggest that a model for the singularity category 
could be obtained by lifting the quotient D co (R)/D(R) to the world of model 
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categories. For D(i?) there are the well-known projective and injective models, 
and for D co (i?) a model has been constructed by Positselski [Posll . Moreover, 
these models are abelian, i.e. they are compatible with the abelian structure of 
Ch(i?-Mod) in the sense of |Hov02[ Definition 2.1]. By |Hov02[ Theorem 2.2] 
an abelian model structure is completely determined by the classes C, W, SF of 
cofibrant, weakly trivial and fibrant objects, respectively, and the triples (C, W,?") 
arising in this way are precisely those for which W is thick and both (C,W n 7) 
and (C Pi W, J) are complete cotorsion pairs (see Definitions 11.1.81 and 11.1.71 for 
the definition of thickness and cotorsion pairs, respectively). For example, in the 
injective model M. ln ' s (R) for D(i?), everything is cofibrant, the weakly trivial objects 
W m -> are the acyclic complexes and the fibrant objects S*°j are the dg-injectives. 
In Positselski's coderived model M co (i?) for D co (i?), again everything is cofibrant, 
but the weakly trivial objects W co are the coacyclic complexes (see Proposition 
ll.3.6[) and the fibrant objects 3 rco are the componentwise injective complexes of R- 
modules. In particular, we see that both model structures are injective in the sense 
that everything is cofibrant, and that W co (i?) C W in J(i?) and T ni (R) C 3*°(R). 

In order to construct the desired localization, we show (Proposition 11.4. 2|) that 
given an abelian category with two injective abelian model structures Mi = 
{stf , Wi, 5Fj), i = 1,2, satisfying 3^2 C ?i (hence Wi C W2), there is another new 
abelian model structure M1/M2 on srf with C = W2 and 3 = J\ (the class W of 
weakly trivials is determined by this and described explicitly in the Proposition), 
called the right localization of Mi with respect to M2. Moreover, we show (Propo- 
sition [TITS]) that M1/M2 is a right Bousficld localization of Mi with respect to 
{0 ->• X I X e J2} in the sense of [Hir031 Definition 3.3.1(2)], and that on the level 
of homotopy categories we get a colocalization sequence [KraOSl Definition 3.1] of 
triangulated categories Ho(M 2 ) Ho(Mi) Ho(Mi/M 2 ). 

Applied to the injective model M m j(i?) for the ordinary derived category D(R) 
and Positselski's coderived model M co (i?) for the contraderived category D co (i?), we 
get another abelian model structure M c s ° ng (R) = M co {R)/M in '(R) on Ch(i?-Mod), 
called the (absolute) singular coderived model, where the cofibrant objects are the 
acyclic complexes of -R-modules and the fibrant objects are the componentwise 
injective complexes of R- modules. In particular, Ho(M™ ng (i?)) = K ac (Inj(i?)) and 
there is a colocalization sequence D(i?) -> D co (i?) = K(Inj(i?)) — > K ac (Inj(i?)). 

More generally, we construct a relative singular coderived model M™ ng (A/i?) for 
any morphism of dg rings (p : R — ¥ A as follows: first we show that the coderived 
model structure M co (i?) on i?-Mod pulls back to a model structure ip*M co (R) on 
A -Mod (Proposition l2"XTj) . and then (Definition |2"X2"|) we define JA c ° ng (A/R) as 
the right localization M co (A)/(^*M co (i?). In case R is an ordinary ring of finite left- 
global dimension, this will be seen to be equal to the absolute singular coderived 
model M™ ng (A) as defined above (Proposition 11.3. Hi . 

At this point we have succeeded in constructing models for singularity categories, 
but we cannot yet explain from the model categorical perspective why the sequence 
K ac (Inj(A)) — > K(Inj(A)) — > T>(A) is not only a localization sequence but in fact a 
recollement, as is known at least in the case A is an ordinary Noetherian ring by 
|Kra051 Proposition 3.6]. For this, we show that the absolute (it is important to 
restrict to the absolute case) singular model structure M,^° ng (A), which is a "mixed" 
model structure in the sense that usually neither everything is fibrant nor everything 
is cofibrant, admits a certain (Quillen equivalent) injective variant l M,^° (A). The 
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construction of this model structure is presented in Proposition 12.2.11 The point 
is that while the the identity on A -Mod is right Quillen M co (A) ->■ M™ ng (A) and 
provides a right adjoint of K ac (Inj(A)) -> K(Inj(A)), it is left Quillen M co (A) ->• 
4 Mg i t J lg (A), providing a left adjoint of K ac (Inj(A)) — > K(Inj(A)) and proving that 
K ac (Inj(A)) ->■ K(Inj(A)) D(A) is a recollement (Corollary [27272]) . 

Moreover, we can now right-localize M ln j(A) at l M,^f ng (A) to obtain another 
"mixed" model structure m M. lns (A), which turns out to be another model for D(A) 
Quillen equivalent to the injective model M ln *(A), explaining the existence of the 
left adjoint of K(Inj(A)) — > D(A). We see that the recollement K ac (Inj(A)) 
K(Inj(A)) — > D(A) unfolds to a butterfly of model structures and Quillen functors 
as follows (L denotes left Quillen functors and R denotes right Quillen functors). 
For more details on the properties of the butterfly, see Proposition 12. 2 .41 



R R 
i; l M co (A) ]. i; 

R. R. 

m^ygiA) ' m M illj (A) 



All the constructions mentioned so far also work in the projective/contraderived 
setting, yielding absolute and relative singular contraderived model structures on 
categories of modules over a dg ring, as well as a projective variant and a butterfly 
unfolding the recollement K ac (Proj(A)) -)> K(Proj(A)) -> ~D(A). 

We discuss two examples. Firstly, let R be a Gorenstein ring in the sense of 
}Buc86j . i.e. R is Noetherian and of finite injective dimension both as a left and as 
a right module over itself. Then the 0-th cosyzygy functor Ch(i?-Mod) — > i?-Mod 
is a (left) Quillen equivalence between the absolute singular contraderived model 
Mg-Jg(-R) on Ch(i?-Mod) and Hovey's Gorenstein projective model structure on 
i?-Mod |Hov02| Theorem 8.6]. Similarly, the 0-th syzygy functor is a (right) Quillen 
equivalence between the absolute singular coderived model (i?) and Hovey's 

Gorenstein injective model on i?-Mod. These two results are proved in Section HOI 

Secondly, we consider matrix factorizations. Fix any ring S with a central el- 
ement w € Z(S) and let Ks, w — S[s]/(s 2 ) be the Koszul algebra of (S,w), i.e. 
deg(s) = —1 and d(s) = w. Modules over Ks yW can be identified with complexes 
of S*-modules X equipped with a square-zero nullhomotopy s : X — > S _1 X for 
X X , i.e. they can be thought of as "curved" mixed complexes with curva- 
ture w. For any such curved mixed complex (X, d, s) we can form the sequences 
jr^cvcn d+| j| X odd d+| jjx cvcn and 0I CTC " 0I odd ^±f X cven , called 
the folding with products and folding with sums of (X, d, s) and denoted fold 11 X 
and fold® X, respectively. Since d s + s d = w we see that (d +s) 2 = w, and hence 
fold® (X) and fold (X) are (S, w)-duplexes, i.e. matrix factorizations of type (S, w) 
with possibly non-free components. The category of (S, w)-duplexes is the same as 
the category of curved dg modules over the Z/2Z-graded curved dg ring S w with 
(S w )° = 5, (S w ) — and curvature w € Z(S), and in particular it carries Positsel- 
ski's contraderived model structure M. ctr (S w ). We then prove that fold® and fold 11 
are left resp. right Quillen equivalences M^* (Ks, w / S) -> M ctT (S w ). 
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Structure: In Sections 11.11 and 11.21 we recall the definition of abelian model 
categories as well as their relation to complete cotorsion pairs and deconstructible 
classes. In Section 11.31 we use this relation to give self-contained constructions 
of the injective, projective, contraderived and coderived model structures on the 
category of modules over a dg ring. Next, in Section 11.41 we prove Proposition 
11.4.21 providing a method for the construction of localizations of abelian model 
structures. In the intermediate Section ll.5[ which is not needed anywhere else in 
this article, we show that these new model structures can be described as Bousficld 
localizations in the classical sense (Proposition 1 1 . 5 .3"|) . Then, in Section |2~T1 we turn 
to the construction of the relative and absolute singular contraderived and coderived 
model structures as well as their projective and injective variants. In Section ^. 2l wc 
construct the butterfly of Quillcn functors lifting Krause's recollement to the level 
of model categories. Sections 13.11 and 13.21 contain the discussion of the examples 
of Gorenstein rings and matrix factorizations. In Appendix 13.21 we prove that 
pullbacks of deconstructible classes along cocontinuous, monadic functors between 
Grothendieck categories are deconstructible (Proposition IA.7|1 . a fact which is used 
several times in Section 11.31 

Acknowledgments: This work is part of my PhD studies under supervision of 
Prof. Dr. Catharina Stroppel at the University of Bonn. I thank her cordially for 
her support and help. I also thank Joanna Meinel, Olaf Schniirer and Jan Weidner 
for helpful discussions and numerous corrections. 

1. Abelian model categories 

1.1. Basic definitions. We begin by recalling the definition of (abelian) model 
structures and their homotopy categories, focusing on the abelian case. 

Definition 1.1.1. A model structure M on a category ^ is a triple (Cof, W, Fib) 
of classes of morphisms, called cofibrations, weak equivalences and fibrations, re- 
spectively, such that the following axioms are satisfied: 

(1) W satisfies the 2-out-of-3 axiom, i.e. given two composable morphisms /, g 
in M, if two of /, g, gf belong to W, then so does the third. 

(2) Cof, W and Fib are closed under retracts. 

(3) In any commutative square 

A — > X 

>l / 1' 

B — > Y 

the dashed arrow exists, making everything commutative, provided that 
either / G Cof and jeW(l Fib or / G Cof n W and g G Fib. 

(4) Any morphism / factors as / = /3 o a with a G Cof, f3 G W (~1 Fib. 

(5) Any morphism / factors as / = /3 o a with a G Cof n W, f3 G Fib. 

A model category is a bicomplete category (i.e. a category possessing arbitrary small 
limits and colimits) equipped with a model structure. Given a model category, we 
will sometimes drop the classes Cof, W, Fib from the notation. 

Notation 1.1.2. Given a model category (^?, M), an object X G ^ is called weakly 
trivial if — > X G W (equivalently, 1^06 W). Similarly, it is called cofibrant 
if — >• X G Cof, and it is called fibrant if X — > G Fib. The classes of cofibrant, 
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weakly trivial, and fibrant objects will be denoted C, W and J, respectively. The 
homotopy category is the localization ^[W -1 ] and is denoted Ho(M). 

In this article we will mainly be concerned with model structures on abelian 
categories "compatible" with the abelian structure in the following way: 

Definition 1.1.3. A model structure on an abelian category is called abelian if 
cofibrations equal monomorphism with cofibrant kernel and fibrations equal epi- 
morphisms with hbrant kernel. An abelian model category is a bicomplete abelian 
category equipped with an abelian model structure. 

Remark 1.1.4. There are other definitions of abelian model structures which seem 
different at first. In |Hov02| a model structure on an abelian category is said to be 
compatible with the abelian structure if every cofibration is a monomorphism and 
a morphism is a (trivial) fibration if and only if it is an epimorphism with (triv- 
ially) fibrant kernel. In [Gilllj . Gillespie requires in addition that a morphism is 
a (trivial) cofibration if and only if it is a monomorphism with (trivially) cofibrant 
cokernel. The connection between these definitions is drawn in |Hov02[ Proposi- 
tion 4.2]: Assuming that every cofibration is a monomorphism and every fibration 
is an epimorphism, the four possible conditions on the characterization (trivial) 
(co)fibration in terms of their (co)kernels come in two pairs: Assuming that cofi- 
brations equal monomorphisms with cofibrant cokernel is equivalent to assuming 
that trivial fibrations are epimorphisms with trivially fibrant kernel, and assuming 
that trivial cofibrations equal monomorphisms with trivially cofibrant cokernel is 
equivalent to assuming that fibrations are epimorphisms with fibrant kernel. In 
particular, our Definition II. 1.31 is equivalent to |Hov02] is equivalent to [Gill lj . 

Requiring that any cofibration (resp. fibration) should be a monomorphism 
(resp. epimorphism) is not as automatic as it might appear at first: for example, 
given a ring R the standard projective model structure on Ch>o(-R-Mod) |Qui67| is 
not abelian since fibrations are required to be epimorphisms only in positive degrees. 
As a positive example, the standard injective and projective model structures on 
the category Ch(i?-Mod) of unbounded chain complexes of i?-modules are abelian: 

Proposition 1.1.5 ( [Hov99j ). Let R be a ring. 

(1) There exists a cofibrantly generated abelian model structure on Ch(i?-Mod) 
with 6 = Ch(-R-Mod), W = Acyc(i?-Mod) and J = dg-Inj(E), called the 
standard injective model structure on Ch(i?-Mod). 

(2) There exists a cofibrantly generated abelian model structure on Ch(i?-Mod) 
with J = Ch(-R-Mod), W = Acyc(i?-Mod) and 6 = dg-Proj(E), called the 
standard projective model structure on Ch(i?-Mod). 

The standard projective and injective model structures on Ch(i?-Mod) are denoted 
M proj (i?) andM ini (R), respectively. 

Proof. The existence and cofibrant generation of injective and projective model 
structures on Ch(i?-Mod) is proved in |Hov99[ Theorems 2.3.11 and 2.3.13], and 
|Hov99l Propositions 2.3.9 and 2.3.20] show that they are abelian. □ 

Another example of an abelian model structure is Hovey's model for the singu- 
larity category of a Gorenstein ring. Recall that a ring R is Gorenstein [Buc86] if R 
is Noetherian and of finite injective dimension both as a left and as a right module 
over itself. An R- module is called Gorenstein projective if it arises as the 0-th syzygy 
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of an acyclic complex of projective -R-modules, and it is called Gorenstein injective 
if it arises as the 0-th syzygy of an acyclic complex of injective i?-modules. The 
classes of Gorenstein projective and Gorenstein injective i?-modules are denoted 
G-proj(i?) and G-inj(i?), respectively. 

Proposition 1.1.6 ( [Hov021 Theorem 8.6]). Let R be a Gorenstein ring. 

(1) There exists an abelian model structure on i?-Mod, called the Gorenstein 
projective model structure and denoted M G " pro -' (R) , with C = G-proj(i?), 
W = J ><00 (i?) (the modules of finite projective dimension) andJ = i?-Mod. 

(2) There exists an abelian model structure on i?-Mod, called the Gorenstein 
injective model structure and denoted M '(E), with C = i?-Mod ; W = 
CP <oc (i?) and 5F = G-mj(R). 

Moreover, both M G_proj (R) and M G_inj (R) are cofibrantly generated. 

Right from the definition we know that an abelian model structure is determined 
by the triple of cofibrant, weakly trivial and fibrant objects. The question which 
such triples actually give rise to abelian model structures was solved in [H ov02j in 
terms of complete cotorsion pairs: 

Definition 1.1.7 ( |Hov02[ Definition 2.3]). For an abelian category si, a cotorsion 
pair in si is a pair (CD, £) of classes of objects such that the following hold: 

(1) B = i £:={Iei Ext^(X, £) = 0}. 

(2) £ = O) 1 - := {Y e si | Ext^(D,F) = 0}. 

In this case, we call CD the cotorsion class and £ the cotorsionfree class. A cotorsion 
pair (CD, £) is called complete if the following two conditions are satisfied: 

(3) (CD, £) has enough projectives, i.e. for each Z £ si there exists an exact 
sequence 0->F->Xh»Z->0 such that leB and Y £ £ . 

(4) (CD,£) has enough injectives, i.e. for each Z £ si there exists an exact 
sequence 0-^Z^Y^X^O such that Y £ £ and X £ CD. 

A cotorsion pair (CD, £) is called resolving if CD is closed under taking kernels of 
epimorphisms, and it is called coresolving if £ is closed under taking cokernels of 
monomorphisms. It is called hereditary if it is both resolving and coresolving. 

For example, denoting J the class of injectives, the pair (si, 3) is a hereditary 
cotorsion pair with enough projectives. It is complete if and only if si has enough 
injectives in the usual sense. Similarly, denoting CP the class of projectives, the pair 
(CP, si) is a hereditary cotorsion pair with enough injectives, and it is complete if 
and only if si has enough projectives. 

Definition 1.1.8. A subcategory W of an abelian category si is called thick if it 
is closed under summands and if it satisfies the 2-out-of-i property, i.e. whenever 
two out of three terms in a short exact sequence lie in W, then so does the third. 

Theorem 1.1.9 ([Hov02 ( Theorem 2.2]). Let si be a bicomplete abelian category 
and C, W and CF classes of objects in si . Then the following are equivalent: 

(i) There exists an abelian model structure on si where C is the class of cofi- 
brant, CF is the class of fibrant, and W is the class of weakly trivial objects. 

(ii) W is thick and both (C, Cf flW) and (CnW,CF) are complete cotorsion pairs. 
Slightly abusing the notation, given a triple (6, W, £F) as above we will often denote 
its induced abelian model structure (C, W, J) as well. 
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We call an abelian model structure M = (C, W, 3") hereditary if their associated 
cotorsion pairs (6, Wfl J) and (C n W, 3") are hereditary. In view of the 2-out-of-3 
property of W, this is equivalent to saying that C is closed under taking kernels 
of epimorphisms and 3 is closed under taking cokernels of monomorphisms. Note 
that Gillespie |Gilll] even obtained a version of Theorem 11.1.91 for exact categories 
endowed with model structures compatible with the exact structure. Moreover, he 
does not assume the existence of arbitrary small colimits and limits, as is done here 
and in Hov99 , for example. 

Let us consider the extreme cases of projective (resp. injective) abelian model 
structures, i.e. model structures where everything is fibrant (resp. cofibrant). 

Corollary 1.1.10. Let si be a bicomplete abelian category and C,W C si classes 
of objects in si ' . Then the following are equivalent: 

(i) (Q,W,si) gives rise to an abelian model structure on si '. 

(ii) si has enough projectives, (C,W) is a complete cotorsion pair with CnW = 
T(s/) and W satisfies the 2-out-of-Z property. 

Dually, for classes of objects W, J <Z si the following are equivalent: 

(i) {si, W, 5") gives rise to an abelian model structure on si . 

(ii) si has enough injectives, (W, 3) is a complete cotorsion pair with WnJ = 
3(si) and W satisfies the 2-out-of-Z property. 

Proof. By Theorem 11.1.91 (G,W,si) giving rise to an abelian model structure on 
si is equivalent to W satisfying the 2-out-of-3 property and (C,W nJ) = (6, W), 
(6 n W, 3) = (6 n W, si) being complete cotorsion pairs. The latter means that si 
has enough projectives and C l~l W = 'J'(si). The second part is dual. □ 

We will see how complete cotorsion pairs can be constructed in the next section. 
Concerning the 2-out-of-3 property, the next lemma will be useful. 

Lemma 1.1.11. Let (W,?) be a cotorsion pair in an abelian category si with 
enough injectives. Consider the following statements: 

(1) (W, 3) is coresolving. 

(2) Ext^(W,F) = for all W G W, F £ 1 and k > 1. 

(3) W satisfies the 2-out-of-i property. 

Then (1 )&■(£). If (W,5F) is complete with WnJ = 3{si), then also (2)=>(3). 

Proof. (2)=>(1) follows from the long exact Ext-sequence. Now assume (1) holds. 
For F G J, pick an embedding i : F ^ I with I G 3(s/) C 9\ Then EF := 
coker(«) e J by assumption, and Ext^(-,F) = Ext^T^-, EF) for all k > 2. 
Inductively, we deduce (2). This shows (1)<^(2), so it remains to show (2)=>(3) 
in case (W,J) is complete and W n J = 3(s/). If -> Wi -> W 2 -> W 3 -> 
is a short exact sequence with at least two of the Wi belonging to W, we have 
Ext^ / (Wi,3 r ) = for all i = 1, 2, 3. It is therefore sufficient to show that any 
X G si satisfying Ext^(X,J) = actually satisfies Ext^(X, J) = 0, i.e. X G W. 
For this, pick F e J arbitrary and choose an exact sequence 0—^F'^I^F^O 
with F' G 3 and I G 3(si). Such a sequence exists since (W, iF) has enough 
projectives, 5" is closed under extensions and W D "S = 3(si) by assumption. Then 
Ext^iX, F) ^ Ext^(X, F') = 0, and hence X G W. □ 

Combining Lemma [1 . 1 . 1 1 1 with its dual (note that (2) => (1) did only use the 
existence of Ext* and the long exact Ext* -sequence) shows that in case si has 
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enough injectives, then (W, 5") being coresolving implies (W, 5F) being resolving. 
Dually, if stf has enough projectives, then (W, 3") being resolving implies (W, 5F) 
being coresolving. Restricting to complete cotorsion pairs, the existence of enough 
projectives or injectives is not necessary: 

Proposition 1.1.12. Let si be an abelian category, (X,y) be a complete, core- 
solving cotorsion pair and ui := X D y. Then X/oj — *(y/u;), ^/oj — (X/cj)* in 
sZ/uj. Here sZ juj, X/uj and y/w denote the stable categories and J denotes the 
Horn- orthogonal (because _L is already occupied). Moreover, (X,y) is resolving. 

Proof. Given Y G y, in a sequence 0— > Y' — > X ^ Y ^ with Y' G y and 
X G X we have X G X n y = w since V is extension-closed. As X — >• V is an 
X-approximation, it follows that any map X' — > Y for some other X' G X factors 
through u), hence vanishes in sZ /oj. 

Next, let A G &Z and pick exact sequences 0— > Y ^ X — > A — > and — > 
X -> / -> X' -> with 1,1' e 1, / e w and Y G y. Taking pushout yields a 
commutative diagram with exact rows and columns, and a bicartesian upper right 
square: 



1 1 

— > Y — > X — » A > 

II I I 

— > Y > I > Y' — > 

I 1 

X' = X' 





Moreover, since y is closed under taking cokernels of monomorphisms by assump- 
tion, we also have Y' G V. Now, in case A G *(y/w) the map A — > Y' factors 
through an object in u>, hence through I Y' as Y = ker(7 — > Y') G y C oj- 1 . 
Since the upper right square is cartesian, any such factorization A — > / gives rise to 
a splitting of X — > A, and hence A G X. Similarly, if A G (X/cj)*, the map X — » A 
factors through an object in w, hence through X — > I, and since the upper right 
square is cocartesian, such a factorization yields a splitting of A —> Y, so A G y. 

For the last part, suppose 0-)Z^l^X'^0isan exact sequence with 
X, X 1 G X. We want to show that Z G X, and by the above it is sufficient to show 
that any morphism / : Z — > Y factors through oj. But / extends to a morphism 
g : X — > Y (since X 1 G X) which then factors through oj (since X G X). □ 

Corollary 1.1.13. A complete cotorsion pair is coresolving if and only if it is re- 
solving. In particular, any injective/ projective abelian model structure is hereditary. 

Proof. The first statement follows from Proposition 1 1 . 1 . 12l combined with its dual. 
For the second, note that if (sZ, W, J) is an injective abelian model structure, then 
(W, 5") is a resolving cotorsion pair (since W satisfies the 2-out-of-3 property) , hence 
hereditary by the first part. The projective case is similar. □ 



We now describe the homotopy category of an abelian model category. 
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Proposition 1.1.14. Let s/ be a bicomplete abelian category and M = (6, W, 3") 

be an abelian model structure on s/ . Then the composition 6 n J >• srf — > Ho(M) 
induces an equivalence of categories 6 PI J/u) = Ho(M), where w = 6nWnS'. 

Proof. This is known - see for example |Gilll[ Proposition 4.3,4.7] or |BR07( The- 
orem VIII. 4. 2] - but for completeness we give a proof here. For a general model 
category M and objects X, Y, the set M.(X, Y) admits two natural relations ~;/ r of 
left and right homotopy, defined via cylinder and path objects, respectively. If X is 
cofibrant and Y is fibrant, these two relations coincide and are equivalence relations, 
and M(X,Y) -> Ro(M)(X,Y) induces a bijection M(X,Y)/^ Ro(M)(X,Y). In 
particular, there is a fully- faithful functor M c f/^ — > Ho(M), where M c f is the 
class of simultaneously cofibrant and fibrant objects of M, and by the existence 
of fibrant and cofibrant resolutions this is even an equivalence of categories. See 
|Hov99[ Theorem 1.2.10] for details. 

To prove the claim, it is therefore sufficient to show that for X 6 6 and Y £ 3 r , 
two morphisms f,g:X—^Y are right homotopic in the above sense if and only if 
/ — g factors through CflWnJ. For this, we construct a path object PY for Y as 
follows: first choose a short exact sequence — > STY —>•/—>• Y — > with I 6 CdW 
and STY £ 3 r . Such a sequence exists by the completeness of the cotorsion pair 
(CflW, J). Since £F is closed under extensions, we even have IeCn"WnJ=w. 

Taking the pullback of Y (9 Y — — Y <— /, we get the following commutative 
diagram with exact rows and columns: 



A 1-1 

-> Y -^->Y ® Y i Y > 



(*) >Y - — > PY - > I - 

I I 

STY = STY 



1 





The morphism PY — > Y © Y is a fibration because its kernel STY lies in 3, and 
Y — > PY is a trivial cofibration because its cokernel / belongs to u C 6 n W. In 
other words, the factorization Y — > PY — > Y Q)Y A : Y Y ®Y is a, path object 
for Y and can be used to compute the right homotopy relation. By definition of the 
pullback, the morphism (/, g)* : X — > Y ®Y factors through PY — > Y if and only if 
/ — g : X —>Y factors through / — > Y. Finally, since I — > Y is a w-cover for Y (its 
kernel STY is in J = (6 n W) C w- 1 ), this is in turn equivalent to / — g : X — > Y 
factoring through some object in uj. □ 

The homotopy category of a model category («e/, M) whose underlying category 
si is abelian carries a natural pretriangulated structure in the sense of [BR07 ( 
Definition II. 1.1]. This follows from Hov99j Section 6.5] together with the fact 
that any cogroup object in an additive category is isomorphic to one of the form 
(X, A : X — > X(BX, : X — > 0) and that giving some object Y a comodule structure 
over such a cogroup is equivalent to giving a morphism Y — > X. See also |Hov99[ 
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Remark 7.1.3, Theorem 7.1.6]. Concretely |Hov99| Paragraph following Definition 
6.1.1], the suspension functor E : Ho(M) — > Ho(M) takes a cofibrant object X to 
the cokernel of the inclusion X © X -)• Cyl(X), where X © X -)• Cyl(X) -> X is 
a cylinder object for X, and the loop functor ft : Ho(M) — > Ho(M) takes a fibrant 
object Y to the kernel of the projection PY — >• Y" © y , where y — > Py — >• Y © y is 
a path object for Y. If M = (C, W, IF) is an abelian model structure, in view of the 
explicit construction of path objects in Proposition ll . 1 . 14l and the corresponding 
dual construction of cylinder objects, we conclude that given objects X € 6 and 
y G IF their suspension and loop objects EX € C, f2Y £ IF can be defined by 
the property that they belong to exact sequences — > X — > I — > EX — > and 
O^nY^P^Y^O with I e WnJ and P G CnW. However, for X, Y G CnJ 
it is not clear in this situation that EX and SY again belong to C n W, at least 
if M is not assumed to be hereditary. Hence, in this case we don't know how the 
pretriangulated structure on 6(1 J/u obtained by pulling back the pretriangulated 
structure on Ho(M) along the equivalence 6nJ/w — ) Ho(M) of Proposition II . 1 . 14l 
can be described explicitly. Assuming that M is hereditary, however, we have the 
following Gilllj Proposition 5.2]: 

Proposition 1.1.15. Let M = (C,W, IF) be a hereditary abelian model structure 
on an abelian category si Then G fl J, endowed with the exact structure inherited 
from s$ ', is Frobenius. Its class of projective-injective objects equals lj := CflWH J, 
and Gnf/w — > Ho(M) is an equivalence of pretriangulated categories. 

Corollary 1.1.16. A hereditary abelian model category is stable. 

Proof of Proposition \ 1.1. 151 Denote $ the class of short exact sequences in si with 
entries in C Pi 3 r . We only check that (6 fl IF, <?) is a Frobenius category; the re- 
maining part involves comparing the definition of distinguished triangles in stable 
categories of Frobenius categories to the definition of fiber and cofiber sequences in 
the homotopy category of a pointed model category [Hov991 Definition 6.2.6], but 
we omit it. 

First, we have 6n!Fc C = 1 (Wfl?) C ^ and similarly CnJcw 1 , showing 
that any object in oj is projective-injective in (CnlF, S~). Next, given X e CnlF, the 
completeness of (CnW, IF) provides a short exact sequence 0— > X' ^ I — > X — > 0'm 
si with X' £ IF and I £ CnW. As C is closed under taking kernels of epimorphisms 
by assumption and IF is closed under taking extensions, we infer that X 1 G CnlF and 
I G ui, proving that (C n IF, S) has enough projectives, and that CP(C n IF, $) = w. 
Similarly, using that IF is closed under taking cokernels of monomorphisms we get 
that (C n IF, S~) has enough injectives and J(C n IF, £*) = ui, finishing the proof. □ 



1.2. Small cotorsion pairs. In the previous section we recalled the definition and 
properties of abelian model structures, and in particular we discussed Hovey's one- 
to-one correspondence between abelian model structures and pairs of compatible 
complete cotorsion pairs. However, we did not explain so far how one can actually 
construct such complete cotorsion pairs, and this is the topic of the present section. 
We describe how each set § of objects in an abelian category si yields a cotorsion 
pair in si, called the cotorsion pair cogenerated by §, a nd discuss when such cotor- 



sion pairs are complete, our main source being [SSllj . We then use these results 



to give a handy description of classes occurring as cotorsion classes in complete 
cotorsion pairs cogenerated by sets in terms of generators and deconstructibility. 
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This prepares the ground for the construction of the projective, injective, coderived 
and contraderived abelian model structures for modules over (curved) differential 
graded rings in the next section. We end with a theorem of Hovey connecting com- 
plete cotorsion pairs cogenerated by sets to cofibrantly generated abelian model 
categories. 

Let s/ be an abelian category with small coproducts. We say that a class of 
objects S C si is generating or that it generates si if any object in si is the quotient 
of a set- indexed coproduct of objects in S- An object G £ si is called a generator if 
{G} is generating, i.e. if any object in jz/ is a quotient of 1 for some large enough 
set / (for a comparison to other definitions of generators and generating sets, see 
KS06, Proposition 5.2.4]). We call si an (AB5)-category if small colimits exist in 
si and if filtered colimits are exact, and we say that si is a Grothendieck category 
if, in addition to being (AB5), it admits a generating set of objects (or equivalently, 
a generator). Note that in a Grothendieck category a class of objects is generating 
if and only if it contains a generating set. We refer to [KS06| for generalities 
on Grothendieck categories. For example, any Grothendieck category possesses 
arbitrary small limits KS06, Proposition 8.3.27(i)] and has enough injectives [KS06 ( 
Theorem 9.6.2]. 

From now on let si be a Grothendieck category. A cotorsion pair (D, £) in si is 
said to be cogenerated by a set if there exists a set S C CD such that £ = § . Any 
set of objects § serves as the cogenerating set for a unique cotorsion pair, namely 
( (8 ),S ). Although trivial, this is a useful method for constructing cotorsion 
pairs. In order to get abelian model structures, however, a criterion is needed to 
check when cotorsion pairs cogenerated by certain sets of objects are complete, 
which is provided by the following proposition: 



Proposition 1.2.1 ( [SS11 ). Let si he a Grothendieck category and (D,£) be a 



cotorsion pair cogenerated by a set. Then the following hold: 

(1) (2), £) has enough injectives. 

(2) (D, £) has enough projectives if and only if T> is generating. 

Proof. Part (1) and the implication "<^" i n (2) fo llow from Quillen's small object 
argument and are explained very clearly in [SSllI Theorem 2.13] in the bigger gen- 
era lity of efficient exact categories (of which Grothendieck categories are examples 
by [SSlli Proposition 2.7]). It remains to check the implication "=£-" in (2): As- 
suming (D, £) is complete, let G £ si be a generator of si and pick a short exact 
sequence 0— > E — > D — > G — > with E 6 £ and D 6 T>. Then D is a generator for 
si, too, so D is generating. □ 

A cotorsion pair (D, £) is called small if it is cogenerated by a set and if T> is 
generating. The notion of small cotorsion pairs was introduced in |Hov021 Defini- 
tion 6.4] in the study of completeness of cotorsion pairs cogenerated by sets. The 
definition given here differs from Hovey's in that we do not assume conditio n (iii) 



of loc.cit. However, in our situation that condition (iii) is automatic by jSSlll 
Proposition 2.7]. In case our underlying category si has enough projectives (as 
for example in the cases of modules over dg rings we will be studying later) any 
cotorsion pair cogenerated by a set is automatically small: 

Corollary 1.2.2. Let si be a Grothendieck category with enough projectives. Then 
any cotorsion pair cogenerated by a set is small, and in particular complete. 
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Proof. Since si has enough projectives it admits a projective generator. In partic- 
ular, the class of projectives is generating, and hence so is any cotorsion class. The 
second part follows from Proposition 1 1.2.1] □ 

Proposition 11.2.11 and Corollary 11.2.21 allow for proving that a certain class £ 
arises as the cotorsionfree part of a complete cotorsion pair. To give criteria when 
a class CD arises as the cotorsion part in a complete cotorsion pair, we need a more 
concrete description of J "(S" L ) for a cogenerating set S C si ' . For this, we recall the 
notion of an S-filtration. 

Definition 1.2.3 ([StolO, Definition 1.3]). Let si be a Grothendieck category, S 
a class of objects in si and X e si ', An S-filtration on X consists of an ordinal r 
together with a family {X a } a < T of subobjects of X such that the following hold: 

(1) X a = 0, X T = X and X^ C X a if fi < a < r. 

(2) If a < t is a limit ordinal, X a = X^<er 

(3) X a+ i/X a is isomorphic to an object in § for all a < r. 

The size of such an S-filtration is |r|. The class of objects admitting an S-filtration 
is denoted fi.lt- §, and its closure under taking summands is denoted ® filt-S. A 
class £F C si of the form J = fi.lt- S for some set S C srf is called deconstructible. 

Proposition 1.2.4. Lei si be a Grothendieck category and S C si be a set of 
objects. Assume that filt-S is a generating class for si . Then ^(S^) = ® filt-S. 

Proof. This is also part of [SSllI Theorem 2.13]. □ 

Proposition 1.2.5. Let si be a Grothendieck category and let D C si be some 
class of objects. Then the following are equivalent: 

(i) CD arises as the cotorsion part in a small cotorsion pair. 

(ii) CD is generating and CD = ® filt- S for a set of objects S. 

(iii) CD is generating, closed under direct summands, and deconstructible. 

Proof. (1) (2) Suppose (CD,£) a small cotorsion pair cogenerated by some set 
S C CD, i.e. £ = S . By definition, CD is generating and hence we may without loss 
of generality assume that S is generating, too (otherwise enlarge S by a set of gener- 
ators of si inside CD). We then get CD = ^£ = ± (S- L ) = ® filt-S by PropositionOU 
(2) =^ (1): If CD = ® filt-S and CD is generating, then so is filt-S. Hence Propositions 
O^ and OTl vield the small cotorsion pair (^(S^S^) = (® filt- S, S x ) = (CD^). 
This shows (1) O (2). (3) => (2) is clear and finally (2) => (3) follows from 
[StolO| Proposition 2.9(1)] which says that given any deconstructible class in a 
Grothendieck category, the class of direct summands of objects of this class is 
again deconstructible. □ 

Example 1.2.6. Let si be a Grothendieck category. 

(1) Suppose G is generator of si and let S be a representative set of isomor- 
phism classes of quotients of G. Then si = filt-S, so si is deconstructible. 
As si itself is clearly generating, we deduce from Proposition 11.2.51 that 
{si ,3 {si)) is a complete cotorsion pair, i.e. that si has enough injectives. 

(2) Assume that si has enough projectives. Then 7{s/) is generating, and 
hence the cotorsion pair {T{si), si) is small. Applying Proposition 11.2.51 
shows that l ?{si) is deconstructible. 
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We end the section by by recalling that cotorsion pairs cogenerated by sets are 
also relevant because of their relation to the cofibrant generation of abelian model 
structures, as is shown in the following Theorem of Hovey. 

Proposition 1.2.7. Let srf be a Grothendieck category and let M = (C,W,3 r ) be 
an abelian model structure on srf ' . 

(1) J/M is cofibrantly generated, then the cotorsion pairs (CflW, jF) and (C, Wfl 
S) are cogenerated by sets. 

(2) If (C fl W, jF) and (C, Wfl J) are small, then M is cofibrantly generated. 

Proof. (2) is proved in |Hov02[ Lemma 6.7]. Part (1) is |Hov071 Lemma 3.1]; 
however, it is stated there without proof, so we give an argument for convenience of 
the reader. Suppose M is cofibrantly generated with a generating set of cofibrations 
/ C Cof and a generating set of trivial cofibrations J C Cof flW, and put S := 
{coker(/) / E /}. As cofibrations are monomorphisms with cofibrant cokernel, 
we have § C 6, and we claim that S x =?nW. Indeed, if 1 6 S 1 , then X -> 
has the right lifting property with respect to all maps f € I, and hence is a trivial 
fibration by assumption. In other words, I G WflJ as claimed. Similarly one 
shows that 1 = 7 1 - for T := {coker(. 9 ) jeJjCCnW. □ 

In particular, Proposition 11.2.71 shows that in case srf has enough projectives 
M f-> (6, W,?) gives a one-to-one correspondence between cofibrantly generated 
abelian model structures on stf and triples (C,W,3') such that both (CflW,?) and 
(6, W n U) are cotorsion pairs cogenerated by sets. 

1.3. Four model structures on modules over a dg ring. In this section we 
use the results of the previous section to construct four prominent abelian model 
structures on the category of modules over a (curved) differential graded ring (dg 
rings resp. edg rings for short): Firstly, the standard injective and projective abelian 
model structures for modules over a dg ring, and secondly, Positselski's coderived 
and contraderived abelian model structures for modules over a edg ring. 

Notation 1.3.1. A grading group [Posll, Remark preceeding Section 1.2] is an 
abelian group F together with a parity homomorphism | • : T — > Z/2Z and a 
distinguished element 1 E T satisfying |1| = 1. A T- graded abelian group is a T- 
indexed family X* = {X k }ker of abelian groups, but we will often drop the index 
from the notation. We will also sometimes drop L from the notation, in which case 
it is implicitly assumed that a grading group has been fixed. Given such a T-graded 
abelian group X and some n E T, we denote E n A = X the F-graded abelian group 
given by (E™A)' £ := X k+n and call it the n-fold suspension of X. We also put 
E := E 1 and £1 := E _1 . The category of T-graded abelian groups has a monoidal 
structure given by the tensor product (X <g) Y) n := p+(J= „ X p <g) Z Y q ; a T-graded 
ring is an algebra object in that monoidal category, and a module over such an 
algebra object is called a T-graded module. A T-graded curved differential graded 
ring (edg ring for short) is a F-graded ring A together with a map d : A — > EA 
of F-graded abelian groups called differential and an element w £ A 2 such that 
d(w) = 0, d satisfies the Leibniz rule and for any x S A we have d 2 (x) = [w,x\. 
The T-graded ring underlying a T-graded edg ring A is denoted AK For a edg ring 
A, a (edg) module over A is a T-graded module X over A$ together with a map 
d : X — > E X of T-graded abelian groups satisfying the Leibniz rule and d 2 (x) = wx 
for all x E X. Given such an A-module X and n E T, the n-fold suspension E n A 
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carries a natural A-module structure as follows: its differential dj>x is given by 
dj>x := (— l)l n l dx, and the action of some homogeneous a £ A on some x £ X 
given by (— l)' a ' '"'ax. The A"-module underlying X is denoted X". Given two A- 
modules X, Y, the (T-indexed) complex of A'-linear homomorphisms X" — > S*y* is 
denoted dg-Hom^(X, Y): for k £ T, its k-th component is Hom^j (X", S fc y'), with 
differential sending / : X s — > S fe y* to cV/ - (— l^^fdx- The fc-th cohomology 
H fe (dg-Hom^ (X, Y)) equals the set [X, Y* k Y] of homotopy classes of morphisms 
X —> T, k Y. Finally, we denote A-Mod pro j (resp. A-Modi n j) the class of A-modules 
whose underlying graded A"-modules are projective (resp. injective). 

Recall from [Posllj the following explicit description of the adjoints of (— )»: 

Proposition 1.3.2 (see [Posll|, Proof of Theorem 3.6]). Let A be a edg ring and 
define the functors G+, G~ : A" -Mod ->■ A -Mod as follows: 

(1) G + (X) := X © flX as graded abelian groups. An element (x,y) £ G + (X) 
is denoted x + d(y). The action of some a £ A on x + d(y) is given by 
ax — (—1)'°' d(a)y + (—1)'"' d(ay), while the differential on G + (X) sends 
x + d(y) to wy + d(x). 

(2) G~ :=SoG+. 

Then there are canonical adjunctions G + H (— )" H G _ . 

Note that if A is a dg ring (so that we can talk about homology of A-modules) 
the images of G + and G~ consist of acyclic modules. This follows immediately from 
the explicit description of G ± , or alternatively by using the adjunction property: 
R n (G-(X)) S [A^ n G-{X)\ = Ext 1 A (CV l - 1 A,G-(X)) = Ext\ t (ft"- 1 ^, X) = 0, 
where the latter equality holds because A" is projective in A* -Mod; as G + = OoG", 
this also shows the acyclicity of objects in the image of G + . Here we have used 
that, given a edg ring A and X £ A-Mod pro j, there is a canonical isomorphism 
Ext^X,-) = [nX,-]. Similarly, if X £ A-Mod inj , we have Ext^(-,X) 
[— , SX]. These isomorphisms will be used very often in what follows. We will also 
need the following characterization of projective and injective objects in A -Mod: 

Lemma 1.3.3. Let A be a edg ring and X an A-module. Then X is projective 
in A -Mod if and only if X* is projective in A" -Mod and X is contractible as an 
A-module. Similarly, X is injective in A -Mod if and only if X* is injective in 
A" -Mod and X is contractible as an A-module. 

Proof. For any A-module there is a canonical epimorphism Cone^dox) — >• X in 
A -Mod. Hence, if X is projective in A -Mod, it is a summand of Cone^dnjf) and 
hence contractible as an A-module. Further, as the forgetful functor A -Mod — > 
A" -Mod is left adjoint to the exact functor G~ (see Proposition 11.3.2]) . it preserves 
projective objects, and hence one direction is proved. Conversely, assume that X" 
is projective in A" -Mod and X is contractible as an A-module. Given another A- 
module Z, the projectiveness of X' implies that there is a canonical isomorphism 
Ext\(X,Z) = [X,EZ], and the latter group is trivial since X is contractible. ft 
follows that X is projective in A -Mod, as claimed. 

The part on injective objects in A -Mod is similar. □ 

Lemma 1.3.4. Let A be a edg ring and (D, £) be a cotorsion pair with £2) C D. 

(1) //DC A-Modproj, then D n £ = IP(A-Mod). 

(2) If 8, C A-Modi n j ; then Bfl £ = J(A-Mod). 
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Proof. We only prove (1), as the proof of (2) is similar. Assuming D C A-Modp ro j, 
we claim that Dn£ = ?(A-Mod). "2": Clearly ?( A -Mod) = ± A-Mod C x £ = D. 
Moreover, if X G T(yl-Mod) and Z 6 D C A-Mod proj , we have Ext\(Z,X) = 
[Z, SX] = since X is contractible (Lemma O^ . This shows J'(yl-Mod) CS i = 
£, and hence T(A-Mod) CDn£. "C": By Lemma fl .3.31 and the assumption that 
D C A-Modp r oj it suffices to show that any X G D n 2) is contractible as an A- 
module. Using that ED C D by assumption, this follows from = Ext^(EX, X) = 
[EX, EX]. □ 

Proposition 1.3.5. for a dg ring A, the following hold: 

(1) There exists a unique projective abelian model structure on A -Mod, de- 
noted MP r °j(A) 7 with W = Acyc (A). M proj (A) is called the standard pro- 
jective model structure on A -Mod. The class C proj (A) of cofibrant objects 
in M pr °j (A) is contained in A -Mod pro j . 

(2) There exists a unique injective abelian model structure on A -Mod, denoted 
M m i(A), with W = Acyc(A). M mj (A) is called the standard injective model 
structure on A -Mod. The class 5P nj (A) of fibrant objects in M inj (A) is 
contained in A -Modi n j . 

Moreover, M proj (A) and M lnj (A) are cofibrantly generated. 

Proof. (1) Let S := {E n A n G T}. For any n G T and any X G A -Mod we have 
a canonical isomorphism Ext\(n n A,X) = [A, E™ +1 X] = H" +1 (X), so it follows 
that S 1 - = Acyc(A). Hence, by Corollary ll.2.2[ the cotorsion pair ( Acyc,Acyc) 
is complete. By Corollarv ll. 1.101 and the thickness of Acyc(A) it remains to show 
that AcycD Acyc = 7(A-Mod), so that by Lemma H. 3.41 it suffices to show that 
- 1 Acyc C A -Modproj. For this, note that for any Xe 1 Acyc and any Zei' -Mod, 
we have = Ext\(X, G~ (Z)) = Ext^, (A B , Z), so that X s is projective in A B -Mod 
as claimed. Here we used that the image of G~ consists of acyclic A-modules. 

(2) By Corollary II .1.101 and Proposition 11.2.51 it suffices to show that Acyc(A) 
is generating and deconstructible, and that Acyc(A) n Acyc(A) ± = "3 {A -Mod). 
By Lemma 11.3.31 J'(vl-Mod) C Acyc(A), so Acyc(A) is generating. The decon- 
structibility of Acyc(A) follows from Proposition I A. 1 ll applied to the monadic for- 
getful functor : A -Mod -> Ch r (Z) and the fact jStolOl Theorem 4.2.(2)] that 
Acyc(Z) C Chr(Z) is deconstructible (in loc.cit. the result is proved for r = Z, 
but the arguments carry over to the case of a general grading group). Finally, the 
equality Acyc(A) n Acyc(A) 1 - = O(A-Mod) again follows from Lemma fl.3.41 once 
we've showed that for any X G Acyc(A) 1 - its underlying A'-module X* is injective. 
Indeed, if Z G A»-Mod, we have = Ext^(G+(Z), X) = Ext^, (Z, X$), where the 
first equality holds because the image of G + consists of acyclic A-modules. 

The statement about cofibrant generation follows from Proposition 11.2.71 □ 

Proposition 1.3.6. For a cdg ring A, the following hold: 

(1) There exists a unique projective abelian model structure on A -Mod, denoted 
M ctl '(A), such that 6 = A-Mod proj . M ctl '(A) is called the contraderived 
model structure on A -Mod. 

(2) There exists a unique injective abelian model structure on A -Mod, denoted 
M co (A), such that £F = A-Mod; n j. M ctI (A) is called the coderived model 
structure on A -Mod. 

Moreover, M ctr (A) and JA, co (A) are cofibrantly generated. 
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Proof. (1) By Corollarv l 1 . 1 . lOl and Proposition ll.2.5l we have to show that A-Mod pro j 
is generating and deconstructible, that A -Mod pro j HA -Modp ro j = CP(j4-Mod) and 
that A-Modp ro j is satisfies the 2-out-of-3 property. By Lemma Tl. 3.31 y(A -Mod) C 
A -Modp ro j, so A -Modp ro j is generating. For the deconstructibility of A -Mod pro j , 
we again apply Proposition lA.lll The forgetful functor (— )" : A -Mod — >■ A^ -Mod 
is monadic, for example by the explicit description of its left adjoint G + in Propo- 
sition [TT3T21 and ^4 -Modproj is the preimage under (— )" of T(A^ -Mod), which is 
deconstructible by Example [T2~6l2l Finally, A-Mod pro j ru4-Mod proj = "P(A -Mod) 
follows from Lemma ll.3.41 and the 2-out-of-3 property of A-Mod p r j is ensured by 
the dual of Lemma fl.l.lH using that A-Modproj is closed under kernels of epimor- 
phisms. 

(2) By definition, an A- module X belongs to A-Modinj if and only if X* G 
J(A-Mod), i.e. = Ext\ t (Z,X$) = Ext\(G+ (Z) , X) for all Z G A" -Mod. Hence 
A-Mod inj = G+(yl tl -Mod)- L , so that by the deconstructibility of A* -Mod and the 
exactness and cocontinuity of G + , G + (A$ -Mod) is deconstructible, too. This shows 
that j4-Modi n j = S 1 " for some set § C A-Mod, and hence ^A^, Anj) is a complete 
cotorsion pair by Corollary 1 1.2 .21 As above, ± Ai n j n A[ n j = J(A-Mod) follows from 
Lemma ri.3.41 and the 2-out-of-3 property of A -Modinj follows from Lemma lLl.il! 
together with the fact that A-Modi n j is closed under cokernels of monomorphisms. 

The cofibrant generation follows from Proposition II .2.71 □ 

Corollary 1.3.7. For a dg ring A, the identity on A -Mod is a left Quillen functor 
M proj (A) -4 M ctr (A) and a right Quillen functor M inj (A) -> M co (A). 

Proof. Unraveling the definitions, this means that we have Q pio *(A) C A-Mod pro j 
and 3^ nj (A) C A -Modi n j , which was shown in Proposition 11.3.51 □ 

Following [Posllj . weakly trivial objects in M co (A) are called coacyclic, while 
weakly trivial objects in M ctr (A) are called contraacyclic. We denote them W co (A) 
and W ctr (A), respectively. Corollary 11X71 implies that W co (A) C Acyc(A) D 
W ctI (A), so coacyclic and contraacyclic modules are in particular acyclic in the 
classical sense. In general, we can only give the following description: 

Proposition 1.3.8. Let A be a dg ring and X G A -Mod. 

(1) X is contraacyclic if and only if for each Z G A-Mod pro j the homomorphism 
complex dg-Hom^(Z, X) is acyclic, if and only if [Z,X] = for all Z G 

A -Modproj ■ 

(2) X is coacyclic if and only if for each Z G A -Modinj the homomorphism 
complex dg-Hom^ (X, Z) is acyclic if and only if [X, Z] — for all Z G 
A -Mod in j ■ 

In particular, any contractible A-module is both contraacyclic and coacyclic. 

Proof, (i) follows from Ext\(Z,-) = [9.Z,-] for Z G A-Mod pr0 j and the iso- 
morphism H fc [dg-Hom^(X,F)] = [X, E fc F], and (ii) follows using Ext\(-,Z) ^ 
[-, EZ] for Z G A -Modinj • □ 

Lemma 1.3.9. Let A be a edg ring and ... ^\ X\ ^\ Xq be an inverse system 
of contraacyclic A-modules with all p n being epimorphisms. Then |imX.„ is A- 
contraacyclic, too. In particular, the totalization formed by taking products of any 
bounded above exact sequence of A-modules is contraacyclic. 
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Proof. The first statement follows from the existence of a short exact sequence 
-> |ml„ -)• -> -> and the fact that W ctr (A) satisfies the 2- 

out-of-3 property. It remains to show that the totalization Tot n (X„) formed by 

f f 

taking products of an exact, bounded above sequence of A- modules ... -4 X2 -A- 

— > ... is contraacyclic, which is essentially a special case of the first 
statement: Tot u (X*) is the inverse limit of the totalizations of the soft truncations 
— > X n / im(/„ + i) — > X n _i — > ... — s- X\ — > Xq —> 0, which in turn are iterated 
extensions of contractible A-modules, hence contraacyclic by Proposition ll.3.8l □ 

In case some mild conditions on is satisfied, Positselski gives the following 
description of coacyclic and contraacyclic modules: 

Proposition 1.3.10 ( [Poslll Theorem 3.7, 3.8]). Let A be a cdg ring. 

(1) Suppose any countable product of projective A$ -modules has finite projective 
dimension. Then W ctT (A) equals the smallest thick triangulated subcategory 
of H° (A -Mod) closed under products and containing totalizations of exact 
sequences of A-modules. 

(2) Suppose any countable sum of injective A» -modules has finite injective di- 
mension. Then W co (A) equals the smallest thick triangulated subcategory of 
H (A -Mod) closed under coproducts and containing totalizations of exact 
sequences of A-modules. 

The next proposition is contained in greater generality in |Posll[ Section 3.6]. 
Restricting to ordinary rings here, we give a direct proof in the setting of abelian 
categories. 

Proposition 1.3.11. If R is an ordinary ring of finite left-global dimension (i.e. 
gl. dim(-R-Mod) < oo), then M ctl '(R) = M proj (i?) and M co (R) = M in i(R). 

Proof. By Corollary [TXT] we have e proj (i?) C e ctI (R), so it suffices to show the 
reverse inclusion, i.e. that for any X £ Chr(Proj(i?)) we have X £ - L Acyc(i?). 
Suppose first that X £ Ch r (Proj(i?)) n Acyc(i?). Since gl. dim(i? -Mod) < oo by 
assumption, the syzygies Z n (X) of X are projective in this case, and hence X is 
contractible. By Lemma [TXBl it follows that X £ T(Ch r (i?)) C - 1 Acyc(i?) as 
claimed. In the general case, pick a cofibrant resolution p : P — > X in M pr °j(i?), 
i.e. p is an epimorphism with K := ker(p) £ Acyc(i?) and P G C pr °j(i?). As 
the components of X are projective, p is degree-wise split, so K £ Acyc(i?) (~l 
Chr(Proj(i?)) C ± Acyc(i?) by the first case. Moreover, applying dg-Hom^(— , Z) 
to — > If — > P ^ X — > for Z £ Acyc(i?) and taking cohomology shows [X, Z] = 
as claimed. The proof of M co (i?) = M inj (i?) is similar. □ 

Morphisms of dg rings induce Quillen adjunctions between the four models: 

Proposition 1.3.12. Let ip : R — > A be a morphism of dg rings and let U v : 
A -Mod — > R -Mod be the forgetful functor. 

(1) A® R - -\U V is a Quillen adjunction M pr °j(i?) +± M proj (yl). 

(2) A ® R - H U v is a Quillen adjunction M ctr (i?) ^ M. ctr (A). 

(3) U v H Rom R (A, -) is a Quillen adjunction M ia >(A) M ia ' s (R). 

(4) U v H Rom R (A, -) is a Quillen adjunction M co (A) z± M co (R). 

(5) If A^ is projective as an R$ -module, then U v H Hom R (A, — ) is a Quillen 
adjunction M ctI (A) <=t M ctr (i?). 
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Proof. Given an adjunction between model categories, checking that it is a Quillcn 
adjunction means either to check that the left adjoint preserves (trivial) cofibra- 
tions, or, equivalently, that the right adjoint preserves (trivial) fibrations. The 
point here is to check the alternative which involves the parts of the model struc- 
tures that we know explicitly. As an example, we check that U v H Hom^(A, — ) 
is a Quillen adjunction M, co (A) M co (i?) by proving that Hom^(A, — ) preserves 
(trivial) fibrations. A fibration in M co (i?) is an epimorphism / : Z — > X with 
ker(/) G J co (R) = R-Mod ini . Since Rom R (A,-f = Hom^A*, -) and ker(/)» 6 
J(i?" -Mod), we see that Kom R (A, f) : Hom R (A, Z) — > Hom R (A, X) is an epimor- 
phism with kernel Rom R (A, ker(/)). As Rom R (A, ker(/)) s = Hom^j (A^ ker(/)') 
and Hom fl j (A$ , — ) is right adjoint to the exact functor A" -Mod — > i?"-Mod, we 
get ker(Hom fl (yl,/))l i G -Mod), hence ker(Hom R CA, /)) G A-Mod inj . In 
other words, Hom R (A, /) is a fibration. Similarly, let / is a trivial fibration in 
M co (i?). Then ker(/) G J(i?-Mod), so / is a split epimorphism with injective ker- 
nel. Since Horaji(A, — ) preserves injectives as the right adjoint to the exact functor 
A -Mod — > i?-Mod, Hom R (A, /) is a split epimorphism with injective kernel, too, 
and hence a trivial fibration in JA co (A). □ 

Remark 1.3.13. The results of this section generalize to the case where we replaced 
our base category of abelian groups by any Grothendieck category si equipped 
with a closed symmetric monoidal tensor product — <E) — : si x si si. Given 
a grading group T, the category si T of T-indexed objects in si and the category 
Chr (si) of T-indexed complexes in si are again Grothendieck and inherit a closed 
symmetric monoidal tensor product; one can then speak about algebra objects in 
these categories (r-graded rings and T-graded dg rings in case si = Z-Mod), and 
form their categories of modules, which are again Grothendieck by Lemma IA.3I 
The arguments of this section carry over to this situation and show that for any T- 
graded dg ring A over (si, (g>) its category of modules carries the standard injective 
model structure, determined by injectivity and W = Acyc(A), and the coderived 
model structure, determined by injectivity and 5" = A-Mod; n j. The only difference 
is that one has to argue why Acyc(yl) and ^A-Mod^ are generating; for example, 
this follows from the fact that both Acyc(A) and ^yl-Modi n j contain the class of 
contractible A-modules, and any A-module X is the quotient of the contractiblc 
A-module Cone(id^x). If si has enough projectives, then so do si r , Chr(^/), 
A* -Mod and A -Mod, and we also get the standard projective and the contraderived 
model structure on A -Mod, determined by projectivity and W = Acyc(A) resp. 
6 = A-Modp ro j. Also see Remarks l27L~5l and [2T231 

This generalization applies for example to the case where si = QCoh(X) for 
a quasi-compact and quasi-separated scheme X (see [Mur, Proposition 66], or to 
si = Ox -Mod for some ringed space (X, X ) (see [KS061 Theorem 18.1.6]). 

1.4. Localization of abelian model structures. Let si be a bicomplete abelian 
category and Mi, M2 two injective abelian model structures on si such that 
id : M2 — > Mi is right Quillen. In this section we will construct from this da- 
tum another hereditary (usually non-injective) abelian model structure, called the 
right localization of Mi with respect to M2 and denoted M1/M2, whose homo- 
topy category fits into a colocalization sequence with the homotopy categories of 
Mi and M2. The arguments in the proof are elementary homological algebra only, 
and in particular do not use Quillen's small object argument. Hence, we neither 
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need to assume that the model structures we work with are cofibrantly generated, 
nor that the underlying bicomplete abelian category is Grothendieck. Instead, the 
assumptions are completely self-dual, and we get a dual left localization result for 
comparable pairs of projective abelian model structures. We will see in the next 
section that what we call localizations here are indeed Bousheld localizations in the 
sense of [Hir03 . 

Fact 1.4.1. Let be an abelian category equipped with an abelian model structure 
M = (C,W,If). Then, given a morphism f : A — » B the following are equivalent: 

(i) f is a weak equivalence. 

(ii) / factors as A ^ X -» B with coker(t) 6 6 n W and ker(p) efflW. 
Proof. (ii)=^(i) is clear, and (i)=>(ii) follows from the factorization axiom. □ 

Fact II .4. Tl is meant to motivate the description of W in the following proposition. 

Proposition 1.4.2. Let srf be a bicomplete abelian category and Mi = (Wi,^) 
and M 2 = ("W 2 ,9 r 2) be injective abelian model structures on ,e/ with 9^ C 9^. Then 
there exists a hereditary abelian model structure on stf , called the right localization 
o/Mi with respect to M2 and denoted M1/M2, with C = W2, 5" = and 

W := {X G st I 3 ex. seq. 0->X^A^B^Q with AeJ 2 ,Be W x } 
= {X G I 3 ex. seq. -> A^r B -> X with AeJ 2 ,B e Wi}. 

Moreover, IgWi/ and only if it belongs to the essential image of 3^2 — > Ho(Mi). 

In the course of the proof of Proposition ll.4.2l we will need the following lemmata: 

Lemma 1.4.3. Let "5 be a Frobenius category and let J be its class of projective- 
injective objects. Then the following hold: 

(1) Assume 3^ weakly idempotent complete, i.e. every split monomorphism has 
a cokernel. Then, given 1,7(1 J, we have X = Y in the stable category 
IF/? if and only if there exist I, J £ 3 such that X © J = Y © / in J. 

(2) Given an admissible short exact sequence X >— > Y Z , there exists a 
canonical morphism Z —> T,X in the stable category 3^/0 such that X —> 
Y — > Z — > TiX is a distinguished triangle in 9"/J. 

Proof. (1) "<^" is clear since all object in J are isomorphic to in 7/3. "=>": 
Suppose X = Y in 3/3. By definition, this means that we can find / : X — > Y, 
g : Y — > X such that idy —fg and idx —gf respectively factor through some object 
in 3. Pick p : L — > X and u : X —¥ I with J £ 3 such that idx — gf + P M - 
Then (/, u)* : X — > Y © / is a split monomorphism with left inverse (g,p) : Y ® L, 
so replacing Y by Y © I we may assume gf = idx- In this case, / is a split 
monomorphism, so by assumption we can choose a cokernel k : Y — >• K of /, and 
we have s : if — > Y be such that sk = id — fg. Then, picking morphisms q : J — > Y 
and v : Y — > J with J G 3 such that idy — fg + qv we get ida — ks — k(fg + qv)s = 
(kq)(vs). Again using the assumption that J is weakly idempotent complete, we 
conclude that if is a summand of J, and in particular K G 3. Since Y = X © K , 
this proves the claim. 

(2) See |Hap88[ Lemma 2.7]. □ 
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Lemma 1.4.4. Let srf be an abelian category and (W, 5F) be a coresolving cotorsion 
pair with enough injectives. Then for any short exact sequence — > X\ — > X 2 — > 
X3 — > in there exists a commutative diagram 














I 


1 

-^x 2 


1 


— > 


I 

-4, 


1 


1 


— > 


1 


1 

— » B 2 


1 

— -B, 


— > 


1 



1 



1 






swc/i £/ia£ A; £ 9^, i?; £ W cmd aZZ rows and columns are exact. 

Proof. Let -)• Xi ->■ Ai ->• Bi ->■ be short exact with Ai £ J, B Y £ W. Taking 
the pushout of Ai <— Xi — > X 2 we get a monomorphism of exact sequences 

— >X X — > X 2 — > X 3 — > 
— > Ai > Z > X 3 — > 



whose cokernel — > B\ — > B\ — > — > is an exact sequence in W. Replacing 
-> X\ -> X2 -> X3 -> by — »■ A\ -> Z ->■ X3 -> we may therefore assume 
Ai = Xi £ 5F right from the beginning. In this case, choose an exact sequence 
-> X 2 A 2 -> 5 2 with A 2 £ J, -B 2 £ W. Forming the pushout of 
A 2 X 2 — > X 3 we get the following commutative diagram: 

— * Ax — > X 2 — > X 3 — > 

II 1 1 

— > Ax — > A 2 > Z > 



By definition, the right square is pushout, but as X 2 —> A 2 is a monomorphism, it is 
also pullback, and hence the second row is exact. Since J is closed under cokernels 
of monomorphisms by assumption, we conclude Z £ 3\ Hence we have constructed 
a monomorphism from — > Ax — > X 2 — > X 3 — > into a short exact sequence in J 
with cokernel 0— > ^> B 2 — > B 2 — > lying in W, as required. □ 

Proof of Proposition \l-4- s A Recall from Corollary II .1.131 that Mi and M 2 are auto- 
matically hereditary, and in particular $x and < S 2 are closed under taking cokernels 
of monomorphisms; this will be used several times in the proof. We begin by 
showing that both definitions of W agree. 

Suppose X £ admits a short exact sequence 04i46->I->0 with 
A £ SF 2 and B £ Wi. Since (Wi, is a cotorsion pair with Wi PI £Fi = J, we can 
choose a short exact sequence 0->B-^/-iiJ'40 with I £ and £?' £ Wi. 
Taking pushout, we get the following commutative diagram with exact rows and 
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columns and bicartesian upper right square: 



1 I 

B > X — > 

I 1 

/ ► A 1 > 

1 I 

B' = B' 

1 I 



As 3^2 is closed under cokernels of monomorphisms, we have A' G 3^, and hence 
— > X — >• A' — >• B 1 is our desired sequence. 

Reversing the argument (using that any 4 e J 2 admits a short exact sequence 
O^A'^I^A^O with IeW 2 n3 r 2=3 and A' G £F 2 ), we see that the existence 
of a short exact sequence ^ A — > A ^ B — > with i G ?2 and B G Wi also 
implies the existence of a short exact sequence 0— > A' — > B' ^ X — > with 
A' G 3^2 and £?' G Wi. Hence the two definitions of W agree. 

For the thickness and the last claim, the argument goes as follows: As (Wi, SFi) 
is a complete cotorsion pair, for any X G s& there exists an exact sequence — > 
X -4 A — > _B — > with A G 3"i and £? G Wi. The assignment A n. A defines an 
additive functor — > 3 r \l'5\ D Wi = 3^ /J (it is a short check that any morphism 
between objects of 3i factoring through an object in Wi actually factors through 
some object in jFi n Wi ; see also Proposition 11.1. 1 2[) and in particular the object 
A from above is unique up to canonical isomorphism in 3r/J. Next, form the full 
subcategory 3^ /J of 9r/3 consisting of objects 3^2 (recall that passing to the stable 
category does not change objects). It is isomorphism closed by Lemma 11.4.31 and 
using this we see that W equals the preimage of 3^/5 under — > 3i/J. With 
this description at hand, we can now prove the thickness of W. As the functor 
stf — > 3r/J from above is additive and 32 /J is closed under direct summands in 
3 r i/0, W is closed under direct summands, too. For the 2-out-of-3 property, note 
that 3^/3 is a triangulated subcategory of 3 r i/J, so it suffices to show that — > 3^/3 
turns short exact sequences into distinguished triangles, which follows from Lemma 
ITX3T 2) and Lemma 031 

It remains to show that M1/M2 is hereditary and that (CnW, 3") and (C, WnJ) 
are complete cotorsion pairs. The former is true since 3^ = 3i is closed under 
cokernels of monomorphisms by assumption and C = W2 even satisfies the 2-out- 
of-3 property; the latter will follow once we showed that (CflW, J) = (Wi,3*i) and 
(6, Wfl?) = (W2, 3^2), as these are complete cotorsion pairs by assumption. 

WnJ=? 2 : Suppose 1 £ WnJ = Wfl Ji and let ^ X ^ A ^ B ^ be 
a short exact sequence with A G J 2 and B G Wi. By definition, Ext^Wi, A) = 0, 
so the sequence splits and X G 7 2 as 3^ is thick. This shows that 3i n W C 3 r 2, 
and the reverse inclusion J 2 C 3 r i n W is clear. 

CnW = W x : Suppose X G CnW = W 2 nW and let A -> B X be a 
short exact sequence with A G 3^2 and B G Wi. Again, this sequence is split since 
X G 3^2, so A G Wi. Hence W2 flWc Wi, and the reverse inclusion is clear. □ 
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Corollary 1.4.5. In the situation of Proposition \l.^.2\ the sequence 

Ho(M 2 ) Rid ) Ho(Mi) Rid ) Ho(Mi/M 2 ) 
is a colocalization sequence |Kra05| Definition 3.1] of triangulated categories. 
Proof. Consider the following commutative diagram 

Ho(Mi/M 2 ) Lld > Ho(Mi) < Lld > Ho(M 2 ) 

" ' ' Rid * 

3i n w 2 /j => => y 2 /i 

inc 

By Proposition 11.4.21 the kernel of Ho(Mi) — > Ho(Mi/M 2 ) equals the essential 
image of 9^/3 — > Ho(Mi), i.e. the essential image of Rid : Ho(M2) — > Ho(Mi). It 
remains to be shown that the derived functors Rid : Ho(M 2 ) — ► Ho(Mi) and Lid : 
Ho(Mi/M 2 ) — > Ho(Mi) are fully faithful, which follows from the commutativity of 
the diagram and the fully faithfulness of SF 2 /U -t and 5"i n W 2 /J -4 □ 

Dually, we have the following localization result for projective model structures: 

Proposition 1.4.6. Let si be a bicomplete abelian category and Mi = (Ci,Wi) and 
M 2 = (C 2 ,W 2 ) be projective, abelian model structures on si with C 2 C Si. Then 
there exists a hereditary abelian model structure on s/ , called the left localization of 
Mi with respect to M 2 and denoted M 2 \Mi 7 with 6 = Ci, £F= W 2 and 

W := {X G si | 3 ex. seq. 0->X^A^B^0 with A G W\,B G C 2 } 

= {X G sf | 3 ex. seq. ->• B -> X witfi A G Wi, S G C 2 }. 

Moreover, IgWi/ and onZy i/ belongs to the essential image of C 2 — > Ho(Mi) 7 
and f/iere is a localization sequence of triangulated categories 

Ho(M 2 ) Lid ) Ho(Mi) Lid > Ho(M 2 \Mi). 

Example 1.4.7. We consider a simple example, anticipating the more general re- 
sults that will be discussed later in Sgection[2j Let R be a ring considered as a dg 
ring concentrated in cohomological degree zero. From Propositions II .3751 and [1.3.61 
we get the standard projective model structure ( Acyc(-R), Acyc(i?), Ch(i?)) and 
the contraderived model structure (Ch(Proj(i?)), W ctr (i?), Ch(i?)) on Ch(i?). Since 
e proj (7i!) C C ctr (i?) by CorollaryHXIl we can apply PropositionO~6]and get as the 
left localization MP r °j(i?)\M ctr (i?) the model structure (Ch(Proj(i?)), ?, Acyc(ii)) 
on Ch(i?), with homotopy category K ac (Proj(i?)). Similarly, applying Proposition 
11.4.21 we can form the right localization M co (i?)/M m j(i?), i.e. the abelian model 
structure corresponding to the triple (Acyc(i?), ?, Ch(Inj(i?))), with homotopy cat- 
egory K ac (Inj(i?)). In particular, we deduce that there is a colocalization sequence 
K ac (Inj(i?)) -> K(Inj(i?)) — > D(i?) and a localization sequence K ac (Proj(i?)) ->• 
K(Proj(i2)) ->• D(R). 

1.5. Right Bousfield localization. In this section, we again go back to the clas- 
sical language of model categories and rewrite Proposition 11.4.21 as a statement 
about existence of certain right Bousfield localizations. The results of this section 
are not needed anywhere else and are included solely for the purpose of connecting 
and making explicit well-established notions and results on model categories in the 
case of abelian model categories. 



MODELS FOR SINGULARITY CATEGORIES 



2:S 



Definition 1.5.1 ( [Hir03i Definition 3.3.1(2)]). Let M be a model category and S 
be a class of maps in M. The right Bousfield localization of M with respect to S is, 
if it exists, the model structure Rs M on the category underlying M such that 

(1) the class of weak equivalences of Rs M is the class of S-colocal equivalences, 

(2) the class of fibrations of Rs M is the class of fibrations of M, and 

(3) the class of cofibrations of Rs M is determined by the left lifting property 
with respect to trivial fibrations. 

Definition 1.5.2. Let M be a model category, K a class of objects and S a class 
of morphisms in M. 

(1) A morphism / : A — > B is called a K-colocal equivalence if for all X G K and 
k > the induced map Ho(M)(X, Q, k A) ->■ Ho(M)(X, n k B) is a bijection. 

(2) An object X G M is called S-colocal if for all / : A -> B in S and k > the 
induced map Ho(M)(A, n k A) ->■ Ho(M)(A, ft fe B) is a bijection. 

(3) A morphism is called a S-colocal equivalence if it is a colocal equivalence 
with respect to the class of S-colocal objects. 

Proposition 1.5.3. Let si be a bicomplete abelian category and Mi = (Wi, Ji) 
and M2 = (W2,9 r 2) be injective model structures on satisfying H2 C ?i. Then 
the model structure M1/M2 described in Theorem ] 1. 4 -2\ is the right Bousfield local- 
ization of Mi with respect to S := {0 -> X \ X G H 2 } C Mor(j2/). 

Proof. Since domain and codomain of each morphism in S are fibrant in Mi, Propo- 
sition lP . 14l reveals that the class of S-colocal objects equals (3^/3) in stf /3, which 
is W2/J by Proposition II. 1.121 applied to the cotorsion pair (W2,3 r 2). 

It remains to show that the weak equivalences in M1/M2 are precisely the W2- 
colocal equivalences. For this, note the following: 

(1) In Ho(Mi) any morphism is isomorphic to a morphism between objects in 
Hi: This follows from the fact that in Ho(Mi) any object is isomorphic to 
an object in Hi (see Proposition 11.1. 14]) . 

(2) In Ho(Mi), any morphism between objects in Hi is isomorphic to an epi- 
morphism between objects in Hi with kernel again in Hi: If / : A — y B is (a 
representative of) the given morphism with A,BeHi, and — > B' — >• / A 
B — > is exact with I GO and B' G S^i, then / is isomorphic in Ho(Mi) to 
(/, — p) : A® I — > B. Moreover, K := ker(/, —p) G Hi since it fits into the 
commutative diagram with exact rows 

— > B' — > K — > A — >0 

II 1 I 

— > B' > I > B — >0 

and Hi is closed under extensions. 

(3) If / : A — > B is an epimorphism of objects in Hi and kernel K G Hi as 
in (2), then X G st is /-colocal if and only if (s//3)(X, ft k K) = for all 
k > 0: To begin, the short exact sequence 0— > K — > A ^ B ^ gives rise 
to a triangle in Ho(M). Now the functor Ho(M)(A, — ) is cohomological, i.e. 
turns exact triangles into long exact sequences, and hence Ho(M)(X, Q k (f)) 
is bijective for all k > if and only if Ho(M)(A, fl k K) = for all k > 0. 
By Proposition !! . 1 . 141 the latter is equivalent to (s/ /3)(X,fl k K) = for all 
k > 0. 
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As (W2/3)" 1 " = ?2/3 in srf /J, steps (1) — (3) show that the W2-colocal equivalences 
are precisely those morphisms which are isomorphic in Ho(Mi) to epimorphism of 
objects in 3 r i with kernel in 3^2- 

We will show that the same description applies to the weak equivalences in 
M1/M2. By Fact 11.4.11 any weak equivalence in M1/M2 is the composition of 
a monomorphism with cokernel in C H W = ^l?! = Wi and an epimorphism with 
kernel in WflJ = = 3 r 2- The former is already a weak equivalence in Mi, hence 
any weak equivalence in Mi /M2 is isomorphic to an epimorphism with kernel in 3 ^ 
in Ho(Mi). Let / : B — »• A be such an epimorphism and pick a short exact sequence 

O^B^F^W^O with F £ Ji. Taking the pushout of F £■ B 4 A, we get 
the following commutative diagram (note that the right square is also pullback): 













— > K 


1 

> B 

a 


/ 


1 

A 

h 


— > K 


— > F 

1 


9 ' 


F' 

I 




W 




W 




I 






i 





As a, P are weak equivalences in Mi, / is isomorphic to g in Ho(Mi). Moreover, 
as 5Fi is closed under cokernels of monomorphisms, F' £ 3^. This shows that 
/ is isomorphic in Ho (Mi) to an epimorphism of objects in 3~i with kernel in 2fi- 
Conversely, since any weak equivalence in Mi is also a weak equivalence in M1/M2, 
it is clear that any such morphism is a weak equivalence in M1/M2. □ 

2. The singular model structures 

In this section we attach to each morphism of dg rings <p : R — > A two "rela- 
tive singular" model structures on A -Mod, a contraderived and a coderived one. 
Roughly, the contraderived (resp. coderived) singular model structure is obtained 
by pulling back the contraderived (resp. coderived) model M ctr (i?) (resp. M co (i?)) 
on R-Mod to ,4 -Mod along the right (resp. left) adjoint U v : A -Mod i?-Mod, 
and afterwards taking the left (resp. right) localization of M ctr (A) (resp. M co (^4)) 
with respect to this pullback model structure. If R is an ordinary ring of finite left- 
global dimension, we will see that the relative singular contraderived and coderived 
model structures only depend on A, and we will call them the "absolute singular" 
model structures attached to A. 

In general, pulling back model structures along adjoints is a nontrivial problem, 
so we need to justify that the above pullbacks are again abelian model structures. In 
our situation, the connection between abelian model structures and deconstructible 
classes makes this problem tractable and we give ad-hoc arguments to establish the 
desired pullbacks. 

Recall that right (resp. left) localization of two projective (resp. injective) model 
structures produces abelian model structures which are neither projective nor in- 
jective in general. In particular, the (relative or absolute) singular model structures 
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are neither projective nor injective. We will be able, however, to establish a concrete 
projective (resp. injective) abelian model structure on A -Mod Quillen equivalent 
to the singular contraderived (resp. coderived) one. This alternative description is 
useful for example in proving that the absolute contraderived (resp. coderived) sin- 
gular model structure on Ch(i?), for R Gorenstein, is Quillen equivalent to Hovey's 
Gorenstein projective (resp. Gorenstein injective) model structure on i?-Mod, as 
well as in the construction of recollements later. 

2.1. General definitions. Let U : D — > 6 be a functor between two categories 
6, D, and suppose that 6 carries a model structure M. The right pullback of M 
along U is, if it exists, the model structure on D in which a morphism is a weak 
equivalence (resp. fibration) if and only if its image under U is a weak equivalence 
(resp. fibration) in M, and where the cofibrations are determined by the left lifting 
property with respect to all trivial hbrations. Similarly, the left pullback of M along 
U is, if it exists, the model structure on D where the cofibrations (resp. weak equiv- 
alences) are the morphisms which become cofibrations (resp. weak equivalences) 
in M after application of U, and where the hbrations are determined by the right 
lifting property with respect to all trivial cofibrations. 

Proposition 2.1.1. Let <p : R — > A be a morphism of dg rings. 

(1) The right-pullback if*M ctI (R) o/M ctr (i?) along U v exists. 

(2) The left-pullback ip*M co (R) o/M co (i?) along U v exists. 

Moreover, both t/?*M ctr (i?) and < / 9*M co (i?) are cofibrantly generated. 

Proof. (1) It suffices to show that firstly /7*(W ctr (i?)) is of the form § x for a set 
S C A -Mod, and secondly that U*(W ctI (R)) n ± U*(W ctI (R)) = T(A-Mod). By 
Proposition 11.3.61 C ctr (-R) is deconstructible, so we may choose a set T such that 
C ctr (i?) = filt-T. Denoting the left adjoint A — to U v by F for a moment, we 
claim that U*(W ctI (R)) = F(T)- 1 . In fact, we will even show that Ext\(F(T), -) ^ 
Extfl(T, U v (-)) for all Tel. Having done this, the claim follows via F(T) X = 

U* (7 1 - ) = U*(W ctT (R)). Let Y e A -Mod be arbitrary emdO^Y^wAc^O 
be an exact sequence with W S W ctr (A) and C G G ctI {A). Since F(7) C G ctI (A) 
(Proposition IL3T2J, we get Ext\(F(T),Y) ^ cokex [Hom A (F{T), /)]. Moreover, 
since U v is exact and U v (W ctT (A)) C W ctl '(R) (Proposition IL3J2J), computing 

Ext^(T, U V (Y)) using the exact sequence -4 U V {Y) -)■ U V {W) U^C) -> 

gives Ext%(T,U< p (Y)) = coker [Hom fi (T, U v (f))]. Now, the adjunction F H U v 
gives coker [Kom R (T, U v {f))] = coker [Rom A (F(T), /)], and hence Ext^ (F(T), Y) = 
Extfl(T, t/ v (r)) for all T G T and Y e A -Mod. The remaining part L7*(W ctr (i?)) n 
-L{/*(W ctr (i?)) = T(A-Mod) follows from Lcmma[01]sinceW ctr ( A) C [/*(W ctr (i?)) 
and hence ■ L l7*('W ctr (Ji)) C C ctr (A) = A-Mod proj . 

(2) We have to show that 3C := C/*(W co (i?)) is deconstructible and X n = 
J(A-Mod). The deconstructibility of X follows from Proposition lA. 1 ll together with 
the deconstructibility of W co (i?) established in Proposition 11.3.61 Hence (X, X- 1 ) 
is a complete cotorsion pair cogenerated by a set. For % n = J(A-Mod), first 
note that since C/^ : M co (A) ->■ M co (i?) is left Quillen (Proposition [TXH]), we have 
X D W co (A), and hence X 1 - C J™ (A) = A-Mod inj . Applying Lemma OH now 
gives X n X 1 - = J(A-Mod) as required. □ 
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Note that if R is an ordinary ring of finite left- global dimension, then M ctr (i?) = 
M proj (i?) and M co (i?) = M in J(i?) (PropositionHJUlJ), and hence for any morphism 
tp : R -> A of dg rings ^*M ctr (i?) = MP r °j(,4) and ip*M co (R) = M in i(A). 

Definition 2.1.2. Let \p : R — >• A be a morphism of dg rings. 

(1) The relative singular coderived model structure on A -Mod is defined as the 
right localization M co (A)/ip*M co (R) in the sense of Proposition 11.4.21 and 
denoted M c s ? ng (A/R). 

(2) The relative singular contraderived model structure on A -Mod is defined as 
the left localization ip*M ctT (R)\M ctI (A) in the sense of Proposition 11.4.61 
and denoted M$* g (A/R). 

If R is a ring of finite left-global dimension (e.g. i? = Zori2=fcisa field), 
then Mg*^g C °(A) := °°(A/R) does not depend on R and is called the absolute 

singular contraderived resp. coderived model structure. 

Proposition 2.1.3. Let (p : R — > A be a morphism of dg rings. The relative 
singular contraderived model structure M.^ g (A/ R) can be described as follows: 

- The class C of cofibrant objects equals A -Mod pro j . 

- The class 2f of fibrant objects is the class of A-modules whose underlying 
R-modules are contraacyclic. 

The class W of weakly trivial objects is determined by Fact \1.4~l\ 
In particular, the fibrant objects in M,^ g (A) are the acyclic A-modules. 

A similar description holds for the relative singular coderived model: 

Proposition 2.1.4. Let ip : R — > A be a morphism of dg rings. The relative 
singular coderived model structure 7A^° (A/R) can be described as follows: 

- The class C of cofibrant objects is the class of A-modules whose underlying 
R-modules are coacyclic. 

- The class 1 of fibrant objects equals A-Modj n j. 

The class W of weakly trivial objects is determined by Fact \1.4~l\ 

In particular, the cofibrant objects in JA^^A) are the acyclic A-modules. 

Remark 2.1.5. The construction of the relative and absolute singular coderived 
model structures carries over to the setting discussed in Remark ll.3.131 

2.2. Constructing recollements. From Proposition ^. 1.3l (resp. 12.1.41) it is clear 
that M^ g (A) (resp. Mj^fA)) is almost never projective (resp. injective). How- 
ever, there is a canonical projective (resp. injective) abelian model structure which 
is Quillen equivalent to the absolute singular contraderived (resp. coderived) model, 
which we describe in this section. 

Proposition 2.2.1. For a dg ring A, the following hold: 

(1) There exists a projective abelian model structure p 3VC^ g (A) on A -Mod sat- 
isfying C = A -Modp ro j n Acyc(A). 

(2) There exists an injective abelian model structure l M,^° ng (A) on A -Mod sat- 
isfying J = A-Modi n j n Acyc(A). 

p M.^ g (A) and 'JA^f (A) are cofibrantly generated and the identity is a left resp. 
right Quillen equivalence P M C J*(A) -> M^L(A) resp. l M c s ° (A) -> M c s ? (A). 
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Proof. (1) As usual it suffices to that p C^ ng (A) = A-Mod pro j n Acyc(A) is de- 
constructible, p e^g g (A) n p e^ g (A)- L = IP(A-Mod) and that p e^ g (A)- L has the 
2-out-of-3 property. Since both A-Mod pro j and Acyc(A) are deconstructible by 
Propositions II .3.61 and II. 3.51 the deconstructibility of A-Mod pro j D Acyc(A) follows 
from the stability of deconstructible classes under intersections [StolOl Proposition 
2.9]. The equality p G^ g (A) HPe^A) 1 - = T(A-Mod) follows from Lemma[[XS 
and Lemma [1.1.111 ensures the 2-out-of-3 property since p G^ g (A) is closed under 
kernels of epimorphisms. Finally, it is clear that the identity is a left Quillen func- 
tor p Mg-£ g (j4) — >• M^ g (vl); moreover, Proposition II . 1.141 implies that it induces an 
equivalence on homotopy categories, hence is a Quillen equivalence. 

(2) Note that l M™ g (A) = A-Mod inj n Acyc(A) is of the formS^ for some set S as 
this is true both for A-Modi n j (Proposition ll.3.6| and Acyc(A) (Proposition [132]). 
Hence (- L ( i 3Vt^ ng (A)) ) l M c s ° ng (A)) is a complete cotorsion pair. By Lemma II .3 .41 we 
have l M c s ? ng {A) n - L ( i M^ ng (A)) = A-Mod inj , and Lemma [TXTl] again provides the 
2-out-of-3 property since l M,^f ng (A) is closed under cokernels of monomorphisms. 
That the identity is a right Quillen equivalence I M™ ng (A) — > M™ ng (A) again follows 
from Proposition 1 1 . 1 . lH □ 

We do not expect a variant of Proposition 12.2.11 to hold for the relative singular 
models attached to a morphism cp : R — > A since we see no reason for W ctr (i?) and 
U*W ctI (R) to be deconstructible (resp. for W co (i?) and U*W co (R) to be of the 
form S 1 - for a set of objects §). For the absolute singular models, this is different, 
because luckily Acyc(A) arises both as the cotorsionfree class in (e pr °j (A), Acyc(A)) 
and as the cotorsion class in (Acyc(A), 3^ (A)). 

Let us pause for a moment to see what model structures are currently around, 
restricting to the injective case. We started with the identity right Quillen func- 
tor M inj (yl) ->• M co (A) and applied Proposition 11.4.21 to get the right localization 
M c s ? ng (A) := M inj (A)/M co (A), fitting into a colocalization sequence Ho(M inj (A)) -> 
Ho(M co (A)) — > Ho(M™ ng (A)). Now, however, we have also constructed a model 
l M c s ? ng (A) for which the identity is right Quillen i M=f ng (A) -> M co (A), and on the 
level of homotopy categories we have the following commutative diagram: 

Ho(M- (A)) - -> Ho(M c °(A)) 



Rid 



HofM'? (A)) — > Ho(M c °(A)) 



Lid 



K ac (A-Mod inj ) K(A-Mod inj ) 



Note that the diagonal functors are equivalences since they are the canonical func- 
tors from the homotopy category of cofibrant and fibrant objects into the homo- 
topy category. From this diagram we see that Lid : M.^° (A) — > M. co (A) and 
Rid : i M^ i ° ng (A) -> M co (A) are equivalent, and hence Lid : M™ ng (A) -> M co (A) 
has a left adjoint while Rid : l M^° (A) ->■ M co (A) has a right adjoint. Thus: 
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Corollary 2.2.2. For any dg ring A, there is a recollement 

K ac (A-Mod inj ) ^^ K(A-Mod inj ) ^^ B{A). 

Proof. K ac (A-Modi rl j) — > K(A-Modinj) — > D(^4) is a colocalization sequence by 
Corollary ll.4.5[ an d by the above K ac (^4-Modi n j) — > K(j4-Modi n j) also has a left 
adjoint. This is all we need for a recollement. □ 

In case A is a Noetherian ring (considered as a dg ring concentrated in degree 
0) the recollement from Corollary 12.2.21 was constructed by Krause |Kra05| Corol- 
lary 4.3] in the more general framework of complexes over a locally Noetherian 
Grothendieck category with compactly generated derived category. 

Dually, in the projective/contraderived situation we have the following recolle- 
ment, which again is already known for ordinary rings by Mur07: ( Theorem 5.15]: 

Corollary 2.2.3. For any dg ring A, there is a recollement 

K M (A-Mod proj ) j=? K(A-Mod pr oj) i=; D(A). 

Back in the injective situation we also want to give a model categorical con- 
struction of the left adjoint of K(A-Modi n j) — > D(A). For this, note that the in- 
jective version l JA^° (A) of the singular coderived model structure has ^^^(A) C 
3™ (A); we can therefore apply Proposition 11.4.21 to form the right localization 
m M inj (A) := M co (A)/ i M^ ng (A). This is the abelian model structure determined 
by m e inj (A) = ± (Acyc(A) n A-Modi nj ) and m T^(A) = A-Mod inj , and the iden- 
tity is a left Quillen functor rn M in i(A) -> M inj (yl). All in all, we get the following 
butterfly of abelian model structures and Quillen functors on A -Mod, where L 
denotes left Quillen functors and R denotes right Quillen functors: 



(oo) 




M inj (A) 



ITyrco 
J "'singV 



S (A) m M mj (A) 
The properties of this diagram are summarized in the following proposition: 

Proposition 2.2.4. Let A be a dg ring and consider the butterfly (joo]) . 

(1) M inj (A) -> M co (A) -> M^g(A) and < M£P g (A) -> M co (A) -> m M inj (A) 
are right localizations in the sense of Proposition \1.4-£\ 

(2) M^ ng (A) <=> l MX lg (A) and m M inj (A) ^ M in i(A) are Quillen equivalences. 
More precisely, the classes of simultaneously cofibrant and fibrant objects in 
M™ rr(A) and l M™ (4) coincide, and the classes of weak equivalences in 



(3) 



sing V J ^•"^ u " "sing V 

M inj (A) and rn M in '(A) coincide. 

The two wings in the following following diagram commute: 



HoCM-P (A)) 



Ho(M in j(A)) 



Lid 



Lid. 



,Rid 



JA co (A) 



.Lid' 



'Rid. 



Rid 



Ho ( l M™ g (A)) 



Ho ( m M inj (A)) 
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Proof. O and the part of © concerning M c s ? ng (A) ^ l M. c s ° ng {A) hold by defini- 
tion. Consider now ™ l M mj (^4) <=^ M mj (A): By Fact 11.4. II the weak equivalences in 
m M ln ' s (A) are compositions of monomorphisms with cokernel in - 1 ( m 9 rin ''(A)) = 
W C °(A) and epimorphisms with kernel in Acyc(A) n A-Modmj- In particular, 
any weak equivalence in m M lnj (A) is a quasi-isomorphism. Conversely, suppose 
/ : A — > B is a quasi-isomorphism and / = g o h is a factorization of / into a trivial 
cofibration h : A —> C followed by a fibration g : C — > B, both with respect to 
m M mj (^4). Then h is a monomorphism with cokernel in W co (A), so in particular it 
is a quasi-isomorphism. Consequently, g : C — > B is both an epimorphism with ker- 
nel in A-Modinj and a quasi-isomorphism, hence a trivial fibration in m M lns (A). As 
the composition of g and h, we conclude that / is a weak equivalence in m 3Vi m i(A), 
too, as claimed. Finally, ([3]) follows from J2]). □ 

Proposition 12.2.41 shows that when trying to lift a recollement 7' ^3.7^3.7" of 
triangulated categories to the world of model categories, it is likely to happen that 
it unfolds to a butterfly of model categories and Quillen functors between them. 
The two adjoints both for 7' — > 7 and T —> 7" are then explained by the presence of 
two different model structures for 7' and 7", compensating the fact that a functor 
between model categories is usually either left or right Quillen, but rarely both. 

Remark 2.2.5. When trying to generalize the previous results to the setting of Re- 
mark [T73TT31 we run into a problem: we need to know that ^4-Modi n j (~1 Acyc(A) 
is of the form S 1 - for some set of objects §. If srf has enough projectives, then 
Acyc(A) = {Y, k A <g> P | k 6 r}^ for a projective generator P of srf and hence 
A-Modi n j n Acyc(A) = S 1 - for S being the union of a representative set of isomor- 
phism classes in {E fc A ® P \ k G T}, and G+(T), for a set 7 C A$ -Mod such that 
A' -Mod = flit- 7. However, without existence of enough projectives, we don't know 
whether A-Modi n j fl Acyc(A) is of the form § for some set S C A -Mod. Note that 
since Ext\(X, Y) ~ [X, SY] for Y 6 A-Mod inj , the proble m can also be formulated 
in the triangulated setting as the question whether there exists a set § C K(A-Mod) 
such that K ac (A-Mod inj ) = {X e A -Mod | [S,X] = for all S G S}. Hence the 
following statements are equivalent: 

(i) There exists a set § C A -Mod such that Acyc(^4) n A-Mod inj = S^. 

(ii) There exists a set S C K(A-Mod) such that K ac (A-Mod inj ) = S^. 

(iii) The sequence K ac (A-Modi n j) — > K(A-Mod; n j) — > D(A) is a recollement. 

(iv) The butterfly from Proposition 12.2.41 exists. 

It would be nice to have methods at hand for checking these conditions, as well as 
to see examples where they fail. Note that by Kra05] the conditions are indeed sat- 
isfied for the sequence K ac (J(,e/)) — > K(3(ja^)) — > T>(stf) if srf is a locally Noetherian 
Grothendieck category such that D(#/) is compactly generated. 

3. Examples 

3.1. Gorenstein rings. Let R be a Gorenstein ring, i.e. R is Noetherian and of 
finite injective dimension both as a left and as a right module over itself. Consid- 
ering R as a dg ring concentrated in degree 0, we can form the absolute singular 
contraderived and coderived models M^ g (R) and M™ ng (i?) on Ch(i?), see Defini- 
tion 12.1.21 The goal of this section is to see that they can be connected through 
a zig-zag of Quillen equivalences to Hovey's Gorenstein projective and injective 
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models on R -Mod (see Proposition ll.l.6|) . The "intermediate" model structures 
we meet along that zig-zag are the projective and injective versions p JA^ g (R) and 
l M^° ng (R) of the relative singular models introduced in Proposition ^. 2.11 
We begin with two examples of weakly trivial objects in p M.^ g (R). 

Proposition 3.1.1. Let R be a Gorenstein ring and X £ Ch(R). Then we have 
X G PW* g (i?) = (Acyc(i?) n Ch(Proj(i?)))- L if either of the following holds: 

(1) X e Ch+(Proj(i?)). 

(2) X e Ch~(.R)nAcyc(iZ). 

Proof. For any P e p C^ g (i?) = Acyc(i?) n Ch(Proj(i?)) we have Ext^ h(fl) (P, X) = 
[P, SX]. If X £ Ch + (Proj(i?)), [P, YiX] = because P is acyclic, has Gorenstein 
projective syzygies and X consists of projective modules, which are injective relative 
to injections with Gorenstein projective cokernels. If X € Ch~ (R) n Acyc(i?), 
[P, EX] = by the fundamental lemma of homological algebra. □ 

We can now describe the promised Quillen adjunction p M c J^ g (R) M G - proj (i?). 
In the following, we denote er» resp. r* the brutal and soft truncation functors 
on categories of complexes of R- modules. Given such a complex (X, d), its fc-th 
svzv gy ker(5 fc ) is denoted Z k (X), and its fc-th cosyzygy coker(S k ~ 1 ) is denoted 
Q k {X). Given an i?-module M, we denote L k (M) the stalk complex which has M 
sitting in degree k and vanishes otherwise. 

Lemma 3.1.2. For any ring R, there is an adjunction Q° : Ch(R) 5^ i?-Mod : t . 

Proposition 3.1.3. Let R be Gorenstein. Then the adjunction Q° H t° from 
Lemma\KTMis a Quillen equivalence p M^ g (i?) <=* M G -P r °j(i?). 

Proof. We show first that Q° H i° is a Quillen adjunction PM^ g (i?) ^ M G "P r °j(i?), 
i.e. that Q a preserves cofibrations and trivial cofibrations. By Proposition 12.2.11 
a cofibration in p JA,^ g (R) is a monomorphism of complexes / : X — > Y such 
that P := coker(/) is an acyclic complex of projective i?-modules. Given such 
an /, the long exact sequence in cohomology associated to the exact sequence of 
brutal truncations — > (t<qX cr< Y — > o-< P — > together with the acyclicity 
of P show that the sequence ->■ Q°(X) Q°(Y) -> Q°{P) -> is exact. 
Moreover, Q°(P) E G-proj(i?) by definition of Gorenstein projective modules, so 
Q (/) is a monomorphism with Gorenstein projective cokernel, i.e. a cofibration in 
M G - proj (i?). Next, Q° preserves trivial cofibrations since these are monomorphisms 
with projective cokernel, and Q° preserves projective objects as the left adjoint to 
the exact functor t°. 

To prove that Q° H l° is a Quillen equivalence, we have to show the following: 

(1) For each X £ Acyc(i?) n Ch(Proj(i?)) the composition X -> iP(Q°(X)) is 
a weak equivalence in p Mg*^ g (i?). 

(2) For each M e i?-Mod and some (hence any) cofibrant replacement P — > 
l°(M) in PM* g (i?), the resulting composition Q°(P) Q°(t°(M)) = M 
is a weak equivalence in M G_pr °j (R) . 

(1): We have ker(A (t° o Q°)(X)) = t< q (X) © cr >0 (A), and both summands are 
weakly trivial by Proposition 13. 1 . ll (2): Pick a cofibrant replacement p : K — )■ M 
in M proj (i?) , i.e. p is a trivial fibration with K Gorenstein projective. As t° is 
right Quillen, iP(p) : t (-^) — >■ t°(M) is a trivial fibration, too, and hence for a 
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cofibrant replacement of i°(M) we may take any cofibrant replacement of iP(K). 
As Z° o t = id, we may therefore assume M being Gorenstein projective right from 
the beginning. If in that case P is a complete projective resolution of M , we know 
from (1) that P — > i°(M) is a cofibrant replacement, and applying Q° gives the 
identity on M, which is a weak equivalence. □ 

Proposition 3.1.4. Let R be a Gorenstein ring. Then there is a zig-zag of left 

Quillen equivalences M c J r ng {R) A "M^ g (i?) M G "P ro j(i?). 

The corresponding statement about injective model structures also holds. The 
arguments are completely analogous, so we omit the proof. 

Proposition 3.1.5. Let R be a Gorenstein ring. Then there is a zig-zag of right 
Quillen equivalences M c s ? ng {R) A i Mg lg (i2) M G - in j(i?). 

3.2. Curved mixed complexes. In this section we study the relative singular 
contraderived model structure on the category of curved mixed complexes over a 
ring and show that it is Quillen equivalent to the contraderived model structure on 
the corresponding category of duplexes. 

Definition 3.2.1. Let S be a ring and w 6 Z(S). 

(1) We denote Ks,w the Koszul- algebra of (S,w), i.e. the Z-graded algebra 
S[s]/(s 2 ) with deg(s) = —1 and differential d given by d(s) = w. 

(2) We denote S w the curved Z/2Z-graded dg ring with {S w )° = S, {S W ) T = 0, 
trivial differential and curvature w £ S = (S w ) 2 . 

Fact 3.2.2. Let S be a ring and w G Z(S). 

(1) A dg module over Kg w is a complex of S -modules together with a square- 
zero nullhomotopy for the multiplication by w, i.e. a curved mixed complex 
with curvature w. 

(2) A curved dg module over S w is an (S,w)- duplex, i.e. a sequence f : M° — > 
M , g : M 1 — > M° of S -modules such that fg = w-idi/i and gf = tu-idjvfo. 
Sometimes we abbreviate such a sequence by f : M° <=3 M 1 : g. 

Viewing ifs.^-modules as curved mixed complexes, the cofibrant and fibrant 
objects in M.^ g (Ks, w /S) are easy to describe in terms of the two differentials of 
the mixed complex: 

Proposition 3.2.3. Let X = (X, d, s) be a Ks. w -module. Then the following hold: 

(1) X is cofibrant in'M^ g (Ks,w/S) (or, equivalently, M ctr (K $ , w ) ) if and only 
if (X, s) is contractible and S -projective. 

(2) X is fibrant in Td^* (Ks,w/S) if and only if (X, d) is S-contraacyclic. 

(3) X is fibrant in M.^ g (Ks. w ) if and only if (X, d) is acyclic. 

In particular, if S is semisimple, then X is cofibrant (resp. fibrant) inMpJ lg (Ks, w /S) 
if and only if (X, d) ( resp. (X, s) ) is acyclic. 

Proof. ((21) and ((3]) hold by definition. ((TJ) is true by Lemma 11.3.31 since, by def- 
inition, X is cofibrant in M^ g (K SlW /S) or M^ g (K SlW ) if and only if (X, s) is 
projective in K^ w -Mod £3 Ch(S). □ 

Curved mixed complexes with curvature w are connected to (S, w)-duplexes via 
the operations of folding and stabilization: 
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Definition 3.2.4. Let S be a ring and w E Z(S). Further, let (X, d, s) be a 

-?Cs,uj-module and / : M° M 1 : g be an (S, u;)-duplex. 

(1) The folding via products fold n (X) of X is the (S, w)-duplex given by 

Md n (X) := H X 2n H X 2n+1 H X 2n . 

n£Z n&L n&L 

(2) The folding via sums fold®(X) of X is the (S, w)-duplex given by 

fold e (X) := 0I 2 " ^0I 2 " +1 ^0I 2 ". 

nGZ n£Z n£Z 

(3) The stable bar resolution bar(M) is the i-Ts jto -module given by 

f f w\ I g w\ f } w \ f g w \ 

\-id -g) -f) \-id -g ) I -id -/J 

M 1 © M° , M° © M 1 ; > M 1 © M° r 



id oj [id 0) [id ()) [id O) 

where the terms M° © M 1 live in cohomologically even degrees. 

Proposition 3.2.5. There are canonical adjunctions bar H fold 11 , fold® H bar o E. 

Proof. Let g : M 1 M° : / be an (5, w;)-duplcx and (X,d,s) £ -Mod. A 

morphism bar(M) — >• X is given by a diagram 

(-a -/) ( M -g) 

■ ■ ■ j M 1 © M° ; ' d > M° © M 1 ' d > M 1 © M° j • • • 

I (id 0) I (id 0) I 

(q-i a'-i) (<*o «;,) (01 o'i) 

> y-1 ^ > io d. > yl > 

• • • < j\ < j\ < A < • • • 



such that each square commutes both with respect to the maps pointing to the 
right and the ones pointing to the left. The latter is equivalent to a' n = sa n+ i for 
all n E Z, so assume this from now on. Writing d in place of / and g (to avoid 
distinction of cases), the other commutativity constraint then writes as follows: 

(1) a n d - sa n+1 = da„_i. 

(2) dsa n = wa n - sa n+1 d. 

The second condition follows from the first by applying so—. Thus, the constraint 
on the family {a„}„ e z to yield a morphism of i^s jt „-modules bar(M) — > X is 
ad = (d +s)a, in this in turn is equivalent to saying that LJ a 2n and LJ a 2n +i yield 
a morphism of duplexes M — > fold n (X). 

Similarly, a morphism X — > bar(M) oS is given by a diagram 



=> X- 1 < X" ; X 1 



J- (-id 9) J- (-id /) J- 

• • • < > M° © M 1 ) > M 1 © M° < > M° © M 1 1 > ■ ■ ■ 

[id 0) [id OJ 

such that each square commutes both with respect to the maps pointing to the right 
and the ones pointing to the left. The latter is equivalent to a' n = a n -\s, and we 
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assume this from now. Then, again writing d for / and <?, the other commutativity 
constraint writes as 

(1) wa n — <9a„_is = a n sd 

(2) da n - a n -\s = a n+1 d. 

The first condition follows from the second by applying — o s, and the second is 
equivalent to saying that (J) a>2 n and (J) a 2n+i yield a morphism of ^-modules 
fold ffi (X) ->M. □ 

Proposition 3.2.6. Let S be a ring and w G Z(S). Then the following are Quillen 
adjunctions: 

(1) bar : M ct *(S w ) +± M$* S (K S , W ) : fold n 

(2) bar : M ct *(S w ) <=t M^(K S , W /S) : fold n . 

(3) fold® : M^ g [K s , w ) «=! M ct *(S w ) : bar o E. 

(4) fold® : M$* g (K s , w /S) +± M ctI (S w ) : bar o E. 

Proo/. Because of the trivial Quillen adjunction id : Mg£ g (A) <=* M^ g (A/i?) : id 
between absolute and relative contraderived singularity models, © follows from 
(D and © follows from (gj. 

For ([1]), we have to show that bar preserves cofibrations and trivial cofibra- 
tions. By the exactness of bar and the definition of an abelian model structure, 
it suffices to show bar(e) C 6 and bar(C nW) C CnW. The cofibrants in 
M otT (S w ) are those / : M° <=* M 1 : g with M°, M 1 projective S-modules, and the 
cofibrants in M^ g (Ks, w ) are the A's^-modules with underlying projective K* s w - 
modules. By definition of bar , the Kg .^-module underlying bax(M) is isomorphic to 
©nez Kl w ® s Y? n M°®Kl w ®s^ 2n+1 M l , and hence is tf^-projective if M °> M * 
are S-projective. This proves bar(C) C G. The assertion bar (6 nW) C GnW = - L 3 r 
is clear because 6 n W = CP in M. ctT {S w ) and bar preserves projectives as the left 
adjoint to the exact functor fold 11 . 

For Q, we have to show that (bar o E)(SF) C J and (bar oE)(Wnf) cWnJ. 
In M ctT (S w ) everything is fibrant, while in M^l g (Ks lW /S) the fibrants are the S- 
contraacyclic i^s^-modules, so for (baroE)(3 r ) C £F we have to show that the image 
of bar consists of 5-contraacyclic complexes. The stable bar resolutions are even 
contractible as complexes of ^-modules, so this follows from Proposition ll.3.81 The 
other condition (baroE)(WnCf) C WnCF means that bar maps S^-contraacyclics to 
-fCs,u>-contraacyclics, i.e. that it maps S w -Modp ro j to K s, w -Modp ro j . For this, sup- 
pose X S Ks >w -Mod and M is S' lu -contraacyclic. Then Ext^- S ^ (X, (baroE)(M)) = 
Extg iu (fold e (X),M) ! which is trivial since fold®(X) G S w -Mod proj . □ 

Our goal is to show that the adjunctions 13. 2. 6lf 2j) and l3.2.6l| 4|) are Quillen equiv- 
alences, but before we come to the proof, we define the completed Bar resolution. 

Fact 3.2.7 QWei94[ Proposition 8.6.10]). Let F : 7± 3$ : U be an adjunction 
between abelian categories and _L:= FU : 38 — > 38 the associated comonad. For X £ 
3§ there is a canonical structure of a simplicial object on l.*X := |±™ +1 X} n>07 
and U(.L*X) admits a canonical left contraction. In particular, if U is exact and 
faithful, then the normalized augmented chain complex iV(_L*X) — > X is acyclic. 
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Corollary 3.2.8. Let S be a ring, A be a dg S-algebra and M an A-module. Let 
i] : S — > A be the structure map and A := coker^). Then the following augmented 
complex of A-modules is acyclic: 

(3.2.1) (... A ®s A ® s A ® s M -> A ® s A ® s M -> A® S M) — s- M, 

Definition 3.2.9. Let S be a ring, A be a dg 5-algebra and M an A-module. The 
completed Bar resolution of M is the totalization of the augmented complex (|3.2,1[) 
formed by taking products, and is denoted B U M — > M. 

Lemma 3.2.10. Let S , A and M be as in 

Definition\KKE and let q : B n M -)• M 
be the completed Bar resolution. Then ker(g) is contraacyclic. In other words, the 
completed Bar resolution B U A1 — >■ M is a trivial fibration in Mg*^ g (j4). 

Proof. The second statement follows from the first since the contraacyclic A-modulcs 
are precisely the trivially fibrant objects in M^ lg (A). That kei(q) is contraacyclic 
follows from Lemma Tl. 3.91 as it is the totalization by taking products of a bounded 
above exact sequence of ^-modules. □ 

The following gives explicit descriptions of the functors bar o fold 11 and B u . 

Lemma 3.2.11. Let (X,d, s) be a Ks. w -module. There are natural isomorphisms 

(barofold n )(X)" £ ]JX k and (B n X) n S X k . 

fceZ k>n 

Under these isomorphisms, the Ks, w -module structure can be described as follows: 

(1) d acts on X k as d +s — id for k = n (mod 2) and as w — d — s otherwise. 

(2) s acts on X k as id if k = n (mod 2) and as otherwise. 
In particular, we have the following: 

(1) There is a canonical epimorphism of Ks, w -modules 

a : (bar o fold") (X) — > B n X 
with kcr(a)" = Yl X k and Kg ^-module structure as in © and ©. 

(2) ker(a) admits a complete decreasing filtration ... C F2 C F\ C Fq = ker(a) 
with F n /F n+1 = K s , w ®s ST 2 "- 2 *. 

Proof. To compute B n X, note that for the unit r\ : S —> K$,w we have Ks, w = 
coker(7j) = US. Hence the n-th term in the augmented Bar resolution (|3.2.1j) is 
given by Ks, w <8>s £™X, and the differential Ks, w ®s £™X -> Ks, w ©s ^ n ' 1 X maps 
a © x to as ® x + (— l) n a © sx. All in all, the Bar (bi)complex is given as follows: 













(id °) 




(id s) 








( o d d) 




( V d) 





t X u © X 1 < > X 1 © X 2 1 > X 1 © X 6 ■ > ■ ■ ■ K s , w ©s £X 









G 


3 






ft 













ft 


S) 






ft 







, id -sj /<-] „, \ 1, id -sj / r | ,„ \ V id -sj 

A"' 1 © X° t=± X° © X 1 f — 4 X 1 © X 2 1 > ■ ■ ■ K Sw ® S X 

G9 (") „ft, 
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By definition of the totalization, B U X is equal to Ilfc>o ^ {Ks,w <8>S T, k X) as a 
Kg ^-module, with differential being the sum of the differentials on the H k {Ks, w ®s 
Yi k X) and the maps K s , w ®s Z k X -> K s , w ® E^X. As K% ^-modules we have 
E fc (i^„,® s E fc X) = if Situ ® s E 2fc X via a® x 1-4 (-l) fc l a l +M T ii a<g>:r, and the n-th 
term of ]lfc>o(-^-S,™ ®S E 2fc X) is given by Yl k>n Pulling back the differential 
on Ilfc>o ^ k ( K s,w ®s E fc X) to n k>0 (K SlW ®s S 2fe X) via the above sign change, 
the resulting differential is given as d +s — id on factors X k with n = k (mod 2) 
and as w — d — s on those X k with k ^ n (mod 2), as claimed. 

The statement about the description of ( bar o fold n )(X) and the canonical epi- 
morphism a : (bar o fold n )(X) — > B n X is clear. For the last statement about 
the filtration on ker(a), define Fj C ker(a) by {F l ) n := Y\ k<n ^ 2 i Xk - Clearly this 
is a complete decreasing filtration, and the filtration quotient Fi/Fi + i is given by 
(Fi/F i+1 ) n = X"- 2 *- 1 © x n - 2i ~ 2 . Together with the explicit description of the 
differential on ker(a) we conclude that Fi/Fi+i = Kg, w ®s ^~ 2t ~ 2 X. □ 

Theorem 3.2.12. Let S be a ring and w G Z(S). Then the adjunctions 

bar : M ctI (S w ) M^ S (K S>W /S) : fold n . 

fold® : M$* g (K s>w /S) M ct *(S w ) : bar o E 

are Quillen equivalences. 

Proof. We already know from Proposition 13.2.61 that the adjunctions in question 
are Quillen adjunctions, so it remains to check that unit and counit of the derived 
adjunctions are isomorphisms. 

To show that the derived counit L bar o R fold 11 =>■ id is an isomorphism, we have 
to show that for fibrant X 6 MsingC-K's',™) and a cofibrant resolution Y — > fold n X 
in M. ctr (S w ) the morphism 

bar(F) — > (bar o fold") (X) — > X 

is a weak equivalence in M^* g (Kg tW ). By definition of a cofibrant resolution, the 
morphism Y — > fold 11 X is a trivial fibration, and hence so is barfF -> fold n X) 
by Proposition 13.2. 6l| 4|). Moreover, since the fibrants in (Ks, w /S) are the S- 

contraacyclic i^s^-modules, we therefore have to show that for some ^-contraacyclic 
X G Ks, w -Mod the (ordinary) counit ex ■ ( bar o fold n )(X) — > X is a weak 
equivalence in M,^* g (Kg jW / S). For this, recall from Lemma [3.2.111 that ex factors 
through the completed Bar resolution q : B U X — > X via a canonical epimorphism 
a : (bar o fold n )(X) — > B n X described there. Since the completed Bar resolu- 
tion B n X -> X is a weak equivalence in M^ g (Kg >w /S) (even in M ctr (-fCs,,«)) 
by Lemma 13.2. 101 it is therefore sufficient to check that a is a weak equiva- 
lence in MgjJ g (.K s,w I S). In fact, we will show that a is even a trivial fibration, 
i.e. that ker(a) is Xs^-contraacyclic: First, by Lemma 13.2.111 we know that 
ker(a) admits a complete descending filtration with filtration quotients isomor- 
phic to shifts of Kg tW <8>s X. We have Horns (.Ks>, X) = Hom.s(Ks, w , S) ®s X, 
and since Horns {K s, w, S) = VtKg.w as iTs.i/riS'-bimodules, we get Kg tW ®s X = 
E Homg (Ks,w,X). Since K Sw is free over 5", Proposition ll.3.12l[ 5|) and the as- 
sumption that X is S'-contraacyclic yield that Ks,w ®s X is -Ks.iu-contraacyclic, 
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too. Wc conclude that ker(a) admits a complete descending nitration with Ks, w - 
contraacyclic filtration quotients; Lemma 11.3.91 then shows that ker(a) is Ks, w - 
contraacyclic, as claimed. 

Similarly, the derived unit id =>■ R fold 11 o L bar being an isomorphism means that 
for any cofibrant duplex / : M° M 1 : g and a fibrant resolution bar(M) — > X in 
M^ g (K s . w /S) the morphism 

M -> (fold n obar)(M) -)• fold n (Jf) 

is a weak equivalence in JA ct *(S w ). By Proposition l3.2.6T| 4|) any object in the image 
of bar is fibrant in M,^ lg (Ks, w /S), and hence we have to show that for M € S w -Mod 
with M°, M 1 projective over S the unit M — > (fold 11 obar)(M) is a weak equivalence 
in M. ctI (S w ). In fact, we will show that this is true for any S^-module M. 

Note that there is a canonical isomorphism M = fold (i(M)) where i(M) is 
given by g : M 1 ^ M° : / in cohomological degrees —1 and 0, and otherwise; it 
follows that the unit M — > (fold 11 o bar ) (M) is split by the composition 

(fold n obar)(M) = fold n ((bar o Md n ){i(M))) ioMn(e ^'^ ) Md n (i(M)) = M. 

Hence, in order to show that M — > (fold 11 obar) (M) is a weak equivalence in 
M. ctT (S w ) it is therefore sufficient to show that fold II (e i (M)) is a weak equivalence 
in M ctr (5 UI ), and we will show that it is even a trivial fibration. First, recall that 
£i(M) factors through the completed Bar resolution q : B n (i(M)) — > i(M) via the 
map a : bar(M) — > B u (i(M)). Since q is a trivial fibration and the right Quillen 
functor fold preserves trivial fibrations, this means that we only have to check that 
fold 11 (a) is a trivial fibration, i.e. that fold n (ker(a)) is trivially fibrant in M ctr (5u,). 
For this, recall from Lemma r3.2.11l that fold (ker(a)) admits a complete decreasing 
filtration with filtration quotients being shifts of fold (Ks, w ®si(M))- Ks, w ®si(M) 
is an extension of Ks, w ®s M° and Ks, w EM 1 , and hence fold (Ks, w 
is an extension of fold^ifs,™ ®s M°) and Md^iKs^ ®s SAf 1 ), both of which 
are contractible, hence contraacyclic, by Proposition II .3.81 Applying Lemma Tl. 3. 91 
shows that fold n (ker(a)) is S' to -contraacyclic, as claimed. 

The statement that fold® H bar oS is a Quillen equivalence follows from the first 
part since R(baroS) = RbaroS = L bar o S is invertible and a Quillen adjunction is 
a Quillen equivalence if and only if its derived adjunction is an adjoint equivalence 
[Hov99[ Proposition 1.3.13]. □ 

From Theorem 13 .2 . 1 21 we get the following consequence: 
Corollary 3.2.13. There is an isomorphism 

SoLfold® =Rfold n 
of functors Eo(M^ g (K s , w / S)) -> Ho(M ctI '(^,))- 

Proof. By Theorem 13.2.121 we know that L bar = Rbar is invertible, and that we 
have canonical adjunctions L bar H Rfold 11 and £ o Lfold® H R bar . □ 
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Appendix A. Pulling back deconstructible classes 

Throughout the section we use the notions of < K-presentable objects and locally 
< K-presentable categories as defined in |AR941 Definition 1.13]. Note [StolOl Sec- 
tion 1] that by |AR941 Remark 1.21] < K-presentability is the same as K-accessibility 
in the sense of [KS06, Definition 9.2.7], so it is legitimate to use results from loc.cit. 
when studying < K-presentable objects. If 5F C si is a class of objects in a category 
si ^ 3 :<k denotes the class of < K-presentable objects in 5". 

We begin by recalling the definition of a monad and its category of algebras. 

Definition A.l. Let 6 be a category. 

(1) A monad on C is a triple (A, rj, fi) consisting of an endofunctor _L : 6 — > G 
and natural transformations n : idg — > A, fi : A 2 — > A, such that fi and 77 
obey the associativity and unit axioms p o _Lp = fio p,l_ and fi o _Lrj = id± = 
fi o r)-L. 

(2) An algebra over _L is a pair (X, p) consisting of an object X of C and a 
morphism p : LX — > X such that po rjx = idx and p a fix — p ° -Lp. 

The category of _L-algebras is denoted _L -Alg. If "5 is a class of objects in C, then 
-L-Alggr denotes the class of _L-algebras whose underlying objects belong to 3 r . The 
forgetful functor _L -Alg — > C is denoted U. 

Example A. 2. The standard example of a monad is the following. If F : D ^ C : U 
is an adjunction, then _L := UF together with the unit 77 : id — > UF and the counit 
UsF : I 2 = U{FU)F -> UF is a monad on 6. 

For example, given a dg ring A, there is the monad associated to the adjunction 
G + : A -Mod ^ A" -Mod : (— )" defined in Proposition ll.3^21 Its category of algebras 
is canonically equivalent to A-Mod (i.e. (— )" is a monadic functor). 

Lemma A. 3. Let A : si — > si be a right exact monad on an abelian category srf . 

(1) A -Alg is abelian. 

(2) The forgetful functor A -Alg — > si is faithful and exact. 
Suppose that, in addition, si is Grothendieck and A is cocontinuous. 

(3) A -Alg is a Grothendieck category. 

(4) The forgetful functor U : A -Alg — > si is bicontinuous. 

Proof. Since A is additive, the sum in si of two morphisms of A-algebras is again 
a morphism of A-algebras. Hence A -Alg inherits a unique preadditive structure 
from si such that U : A -Alg — > si is preadditive. 

Next, let D : I — > A -Alg, D{x) = (M(x),p x ), be a diagram such that the under- 
lying ^-diagram M : I — > si has a colimit lim M, and assume that A commutes 
with that colimit, i.e. that A (lim M) is a colimit for AM with respect to the maps 
AM (a;) — > A(limM). Then there is a unique structure p of a A-algebra on lim M 
such that all maps (M(x), p x )) — > {lim M, p) are morphisms of A-algebras: take as 
p : A(limM) — > limM the unique map such that for each x £ I the diagram 



±M(x) 



A lim M 



p 



M{x) 
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This is justified by our assumption that _L commutes with lim M. Unit and as- 
sociativity axiom also follow by using the universal property of the colimit, and 
hence (lim M, p) indeed is a _L-algebra. Moreover, it is straightforward to check 
that (lim M,p) together with the maps D{x) — > (lim M, p) is a colimit of D. 

Similarly, if M has a limit l^im M in stf ' , then l^m M admits a unique structure p 
of a _L-algebra such that all maps (lim M , p) — > D(x) are morphisms of _L-algebras, 
and, moreover, (lim M, p) is then a limit of D in _L -Alg with respect to these. Note, 
however, that we don't have to assume that _L commutes with limM here. 

The preceding arguments show that for right-exact si the category _L - Alg admits 
arbitrary finite limits and colimits and U : _L-Alg — > si commutes with these. In 
particular, we get that _L-Alg is additive, and that any morphism admits a kernel 
and a cokernel. Finally, since U : J_-Alg — > si reflects isomorphisms, we even get 
that coim = im in _L-Alg, and hence _L-Alg is abelian. 

If si admits arbitrary colimits and _L is cocontinuous, _L-Alg also admits ar- 
bitrary colimits and U : _L-Alg — >• si is cocontinuous, and since U reflects iso- 
morphisms, directed colimits are exact in _L-Alg provided they are exact in si ' . 
Similarly, if si admits arbitrary limits, then so does _!_ -Alg and U preserves them. 
Finally, if si is Grothendieck with generator G, the free algebra _LG on G is a 
generator for _L -Alg. Indeed, given (X, p) S _L -Alg we can choose an epimor- 
phism GlJ 7 -> X by [KS061 Proposition 5.2.4]. Applying _L, we get the morphism 
of _L-algebras ^(G^- 1 ) = (-LG)^- 1 —> _LA — > X, which is an epimorphism, too, 
since _L is cocontinuous and p : J-X — > X is a split epimorphism in s/. Applying 
KS06, Proposition 5.2.4] again we conclude that _LG is a generator for _L-Alg, as 
claimed. □ 

Lemma A. 4. Let si be a Grothendieck category, Iks cocontinuous monad on 
si and (X,p) be a ^-algebra. Then the forgetful functor U : _L-Alg — » si induces 
an infective complete lattice homomorphism 

(Subobj ± _ Alg (A,p),S,n) — ► (Subobj^(A),E,n). 

Its image consists of (the classes of) those monomorphisms i : Y > X such that 
the composite 1Y ^> _LA X factors through i. 

Proof. Given an object X in a Grothendieck category and a family {Xi} of subob- 
jects, the intersection |~] Xi is the limit of the diagram consisting of the inclusions 
Xi <->• X, and the sum ^Xi is the image of the canonical map Xi — > X. 
Hence any bicontinuous functor between Grothendieck categories, in particular 
U : i--Alg — > si (Lemma IA.3T 3^ . induces a complete lattice homomorphism on 
subobjects. The second statement is clear. □ 

Fact A. 5. Let _L : si — > si be a cocontinuous monad on an abelian category si , 
(X,p) be a ^L-algebra and Z C X a subobject of X. Then the poset of .L-subalgebras 
of (X, p) containing Z has a minimal element span^ Z := im(_LZ — > _LA — > X). 

Proof. If Z' C X is a _L-subalgebra of (X,p) with Z C Z', then ±Z' -> _LX X 
factors through Z' , and hence so does _LZ — > _LA — > X. Thus span ± ZCZ'. 

It remains to show that spanj_ Z is a -L-subalgebra of (X, p), i.e. that the compo- 
sition _L (span ± Z) — > LX — > X factors through span^ Z. By definition of span ± Z 
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there is a commutative diagram 

LZ > ±X > X 




span ± Z 



and hence it is sufficient to show that I 2 Z — >• ± 2 A — _LAT X factors through 
span_|_ Z. By associativity and naturality, this composition equals _L 2 Z 1.Z 
±X X, which factors through span_|_ Z by definition. □ 

We need the following version of the generalized Hill lemma jStolOl Theorem 
2.1] as a tool for constructing filtrations. 

Proposition A. 6 (Hill Lemma). Let k be an infinite regular cardinal and let s/ 
be a locally < K-presentable Grothendieck category. Further, let § be a set of < k- 
presentable objects and X G filt-S. Then there exists a set a together a subset 
L C T(cr) and a map I : L — > Subobj(X) such that the following hold: 

(HI) For any family {Si} C £, both [J i Si and Si belong to L again, and we 

havel({J i S i ) = j: i l(S i ) andl(r\ i S i )=r\ i l(Si). 
(H2) Given S,T G L with S CT, l(T)/l(S) admits an S-filtration of size |T\5|. 
(H3) For any < K-presentable Z C X there exists some S £ L satisfying \S\ < k 

and Z C l(S). 

The Hill Lemma allows for recursive constructions of filtrations on X by first 
constructing continuous chains of elements in L C 3 (cr) and then applying / : L — >• 
Subobj(X) to these chains. The continuity of the resulting filtration is guaranteed 
by (HI), control over filtration quotients is given by (H2), and finally property 
(H3) is needed for the recursion step. This principle is illustrated in the proof of 
the following proposition, which is the main result of this section: 

Proposition A. 7. Let k be an uncountable regular cardinal and stf be a locally 
< K-presentable Grothendieck category. Assume further that J C si is a class of 
objects and _L : stf ~> srf a cocontinuous monad such that 

(1) 2r = filt-S, where § is a representative set of < K-presentable objects in "5 , 

(2) _L preserves the class of < K-presentable objects in stf '. 

Then _L-Alggr = filt- (_L-Alg§). In particular, _L-Alggr is deconstructible. 

Lemma A. 8 (sec KS06, Proposition 9.2.10]). For any Grothendieck category si 
and any infinite cardinal k, the class s/ <K of < K-presentable objects is closed under 
the formation of s/-colimits of diagrams I — > s/ <K with \ Mor(J)| < k. 

Proof of Proposition \A.7\ Let (X,p) G _L-Alggr. By definition we have X G £F = 
filt- § , so we may apply Proposition lA.6l to get / : J ) (cr) D L — > Subobj(A) satisfying 
the properties (HI), (H2), (H3). By transfinite recursion, we will now define for 
each ordinal A a subset T(A) G £ such that the following hold: 

(1) l(T(X)) is a ±-subalgebra of X. 

(2) T(A) C TQj) if A < fx, and T(A) C T(/i) if A < fi and l(T(\)) ^ X. 

(3) |T(A + 1)\T(A)|<«. 

(4) T(A) = U M < A T (P) if A is a limit ordinal. 
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Start with T(0) := and assume that we are given an ordinal A such that we already 
constructed T(p) for all p, < A. If A is a limit ordinal, we put T(X) := U m <a ^XaOj 
and if A = p, + 1 with l(T(p)) = X, we put T(A) := T(/i). In case A = /i + 1 
with Z(T) C X for T := T(p), we proceed as follows: Since ,g/ is locally < re- 
presentable, there exists some < re- presentable Z C X with Z % l(T), and by (H3) 
we find Z C l(So) for some So G £ with So| < re. By Lemma TA.8[ I (So) is < re- 
presentable and hence so is span_|_ I (So) = irn (±1(Sq) — > LX — > X). Applying (H3) 
again, we can find S% G L with |Si| < re, Sq C S% and span ± Z C Z(Si), and again 
Z(Si) G ^ <K . Continuing this way, we find a sequence So C Si C S2 C ... in IP(<7 ) 
with 5i 6 £, | ^ | < re and span ± Z(5i) C l(S i+ i) for all z > 0. Put S := \J. l>0 S t . 
We then have S G £>, \S\ < re and Z(S) = X)i>o '(Si) by (HI). In particular, as _L is 
cocontinuous, l(S) is a _L-subalgebra of (X, p). We put T(A) := TUS. This finishes 
the recursion step and the construction of T. 

Pick A sufficiently large such that l(T(X)) — X and consider the filtration loT : 
{t I r < A} — » Subobj(X) on AT. By ([TJ all its components are _L-subalgebras of 
X, and its successive quotients are given by l(T(p + l))/Z(T(/z)), all of which lie 
in S by ([3]) and Lemma [A.8I Finally, since Subobj ± _ Alg (A') Subobj^(Af) is a 
complete lattice homomorphism, Z o T is also continuous considered as a filtration 
of (X,p) in _L-Alg. Summing up, I o T is the desired _L -Alg s -filtration of X. □ 

To give a less technical version of Proposition IA.7I we need some generalities 
about < re-presentable objects in Grothendieck categories. 

Lemma A. 9. Let si be a Grothendieck category. 

(1) For any set §C^/ there exists some cardinal re such that § C si <K . 

(2) For any cardinal re i/ie category s/ <K is essentially small. 

Proof. Part Q is contained in [KS061 Theorem 9.6.1]. Part © follows from [KS061 
Corollary 9.3.5(i)] and the fact that s/ <R C .e/^ for re < p. □ 

Lemma A. 10. Let sf, 03 be Grothendieck categories and F : stf — > SB be a cocon- 
tinuous functor. Then there exist arbitrarily large regular cardinals re such that F 
preserves < K-presentable objects, i.e. F(s/ <K ) C 03 <Kj . 

Proof. Let G be a generator of srf and pick any cardinal re such that G G 1 e/ <K 
and F(G) G i§? <K hold. This is possible by Lemma fA. 91 Moreover, possibly after 
enlarging re we get that si <K = {X E s/ \ \Uom^(G, X)\ < re} |KS06| Theo- 
rem 9.3.4] (note, however, that this characterization doesn't seem to be true for 
all sufficiently large, but only for a cofinal class of cardinals re). We claim that F 
preserves < re-presentable objects. Indeed, let X G s/ <K is < re-presentable. Then 
the canonical morphism Qll Hom ^(G,x) x is an epimorphism |KS06| Proposi- 
tion 5.2.3(iv)], and hence so is F(G) U Hoii w(g,->0 _^ p(X) since F commutes with 
colimits by assumption. As F(G) G 08 <K and | Hom^(G, X)\ < re by assumption, 
Lemma lA~8l implies F(X) G 0§ <K as claimed. □ 

Proposition A.ll. Let U : 0§ — > s/ be a cocontinuous, monadic functor between 
Grothendieck categories, and let 3 C s/ be a deconstructible class. Then U*(3 : ) := 
{X G 0§ | U (X) G is again deconstructible. 

Proof. By definition of monadic functors, we may assume that U is the forgetful 
functor _!_ -Alg — > si for a cocontinuous monad _L on si , and then U* (?) = _!_ -Algg-. 
Since J = filt- J by jStolOj Lemma 1.6], Lemma [Ql implies that J = m-(3T\s/ <K ) 
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for all sufficiently large cardinals k. Here, by slight abuse of notation 3 r Pig/ <K means 
a representative set of isomorphism classes of objects in 5F n &/ <K (it is a set by 
Lemma rA.9i p|)). Moreover, by Lemma \A. 101 we may also assume that _L preserves 
K-presentable objects, and hence the claim follows from Proposition lA.71 □ 
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